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ABSTRACT 

 
In this paper we consider manufacturing a p-n-junctions by dopant diffusion or ion implantation into a 

multilayer structure. We introduce an approach to increase sharpness of these p-n-junctions and at the 

same time to increase homogeneity of distributions of dopants in enriched by these dopants areas. We con-

sider influence of the above changing of distribution of dopant on charge carrier mobility. We also consid-

er an approach to decrease value of mismatch-induced stress in the considered multilayer structure by us-

ing a buffer layer. The decreasing gives a possibility to increase value of charge carrier mobility. 
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1. INTRODUCTION 

 
In the present time one of the actual questions is increasing of performance of solid state electron-

ic devices (diodes, field-effect and bipolar transistors, ...) [1-6]. To increase the performance it is 

attracted an interest searching of materials with higher values of the charge carrier mobility [7-

10]. An alternative approach to increase the performance is development of new technological 

processes and optimization of existing one. Framework this paper we introduce an approach of 

manufacturing of heterodiodes. The approach gives a possibility to decrease of switching time. At 

the same using the approach gives a possibility to decrease dimensions of these diodes. With de-

creasing of switching time and dimensions of these diodes value of mismatch- induced stress also 

decreases. 

 

In this paper we consider a heterostructure on Fig. 1. The heterostructure includes into itself a 

substrate and an epitaxial layer. A buffer layer has been grown between these substrate and epi-

taxial layer. We consider doping of the epitaxial layer by diffusion or ion implantation after man-

ufacturing the heterostructure. The doping gives a possibility to produce required type of conduc-

tivity (p or n). We assume, that type of conductivity of substrate is known: p or n. After doping of 

the epitaxial layer optimized annealing of dopant and/or radiation defects has been considered. In 

this paper we analyzed possibility to increase sharpness of p-n- junction with increasing of homo-

geneity of concentration of dopant in enriched by the dopant area. Framework the paper we ana-

lyzed influence of changing of distribution of concentration of dopant in space and time on charge 

carrier mobility with account mismatch-induced stress in the considered heterostructure. 
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2. METHOD OF SOLUTION 
 

To analyze influence of changing of distribution of concentration of dopant in space and time on 

charge carrier mobility we solve the second Fick's law in the following form [1,11-15] 
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Fig. 1. Heterostructure, which consist of a substrate, epitaxial layers and buffer layer 

 
 

Boundary and initial conditions for our case could be written as 
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The function C(x,y,z,t) describes distribution of concentration of dopant in space and time. Ω is 

the atomic volume of dopant; ∇s is the symbol of surficial gradient. The function ( )∫
zL

zdtzyxC
0

,,,  

describes distribution of surficial concentration of dopant in space and time on interface between 

layers of heterostructure (in this situation we assume, that Z-axis is perpendicular to interface be-

tween layers of heterostructure). The function µ1(x,y,z,t) describes the chemical potential due to 

the presence of mismatch-induced stress in space and time. The functions D and DS describe dis-

tributions of coefficients of volumetric and surficial diffusions on coordinate and temperature. 

Values of dopant diffusions coefficients depends on properties of materials of heterostructure, 

speed of heating and cooling of materials during annealing and spatio-temporal distribution of 

concentration of dopant. Dependences of dopant diffusions coefficients on parameters could be 

approximated by the following relations [13-15] 
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Here DL (x,y,z,T) and DLS (x,y,z,T) are the spatial (due to accounting all layers of heterostruicture) 

and temperature (due to Arrhenius law) dependences of dopant diffusion coefficients; T is the 

temperature of annealing. Function P (x,y,z,T) describes spatial and temperature dependence of 

the limit of solubility of dopant. Parameter γ ∈[1,3] with integer values depends on properties of 

materials [13]. The function V (x,y,z,t) describes distribution of concentration of radiation vacan-

cies in space and time; V
*
 is the equilibrium distribution of vacancies. One can find description of 

dependence of dopant diffusion coefficient on concentration of dopant in [13]. To determine dis-

tributions of concentration of point radiation defects in space and time we solve the following 

boundary problem [11,12,14,15] 
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I (x,y,z,0)=fI  (x,y,z), V (x,y,z,0)=fV  (x,y,z).     (4) 

 
The function I (x,y,z,t) describes distribution of concentration of radiation interstitials in space and 

time with the equilibrium distribution I
*. The functions DI(x,y,z,T), DV(x,y,z,T), DIS(x,y,z,T), 

DVS(x,y,z,T) describe dependences of coefficients of volumetric and surficial diffusions of intersti-

tials and vacancies on coordinate and temperature. Terms V2(x,y,z,t) and I2(x,y,z,t) gives a possi-

bility to take into account generation of divacancies and diinterstitials [15]. The functions  
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kI,V(x,y,z,T), kI,I(x,y, z,T) and kV,V(x,y,z,T) describe dependences of parameters of recombination of 

point radiation defects and generation of their complexes on coordinate and temperature. 

We determine spatio-temporal distributions of divacancies ΦV(x,y,z,t) and diinterstitials ΦI(x,y, 

z,t) by solving the following boundary problem [11,12,14,15] 
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ΦI (x,y,z,0)=fΦI  (x,y,z), ΦV (x,y,z,0)=fΦV  (x,y,z).         (6) 

 

The functions DΦI(x,y,z,T), DΦV(x,y,z,T), DΦIS (x,y,z,T) and DΦVS(x,y,z,T) describe dependences of 

coefficients of volumetric and surficial diffusions of complexes of radiation defects on coordinate 

and temperature. The functions kI(x,y,z,T) and kV(x,y,z,T) describe dependences of parameters of 

decay of complexes of radiation defects on coordinate and temperature. 

Chemical potential µ1 in Eq.(1) could be determine by the following relation [11] 

 

µ1=E(z)Ωσij [uij(x,y,z,t)+uji(x,y,z,t)]/2,      (7) 
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where σ is Poisson coefficient; the mismatch parameter could be determined as ε0 = (as-aEL)/aEL, 

where as is the lattice distances of the substrate, aEL and the epitaxial layer; K is the modulus of 

uniform compression; parameter β describes thermal expansion coefficient, parameter Tr describes 

the equilibrium temperature. The equilibrium temperature coincides in our case with room tem-

perature. Components of displacement vector could be obtained by solution of the following equ-

ations [12] 
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Conditions for the system of Eq. (8) could be written in the form 
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We solve the Eqs.(1), (3) and (5) by using standard method of averaging of function corrections 

[17]. Previously we transform the Eqs.(1), (3) and (5) to the following form with account initial 

distributions of the considered concentrations 
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Farther we replace concentrations of dopant and radiation defects in right sides of Eqs. (1a), (3a) 

and (5a) on their average values α1ρ. The average values α1ρ are not yet known. In this situation 

we obtain equations for the first-order approximations of the required concentrations in the fol-

lowing form 
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Integration of the left and right sides of the Eqs. (1b), (3b) and (5b) on time gives us possibility to 

obtain relations for above approximation in the final form 
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We determine average values of the first-order approximations of concentrations of dopant and 

radiation defects by the following standard relation [17] 
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We obtain required average values by substitution of the relations (1c), (3c) and (5c) into relation 

(9). The obtained relations could be written as 
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The second-order approximations and approximations with higher orders of the considered con-

centrations have been calculated framework standard iterative procedure of method of averaging 

of function corrections [17]. The considered approximations could be obtained by replacement 

the required concentrations in the Eqs. (1c), (3c), (5c) on the following sum αnρ+ρ n-1(x,y,z,t). The 

replacement leads to following results 
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Final relations for the second-order approximations could be obtained by integration of the left 

and the right sides of Eqs. (1d), (3d) and (5d). The final relations could be written as 
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Average values of the second-order approximations of required approximations by using the fol-

lowing standard relation [17] 
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Farther we determine solutions of Eqs.(8), i.e. components of displacement vector. To determine 

the first-order approximations of the considered components framework method of averaging of 

function corrections we replace the required functions in the right sides of the equations by their 

not yet known average values αi. The substitution leads to the following result 
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Integration of the left and the right sides of the above relations on time t leads to the following 

result 
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Approximations of the second and higher orders of components of displacement vector could be 

determined by using standard replacement of the required components on the following sums 

αi+ui(x,y,z,t) [17]. The replacement leads to the following result 
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Integration of the left and right sides of the above relations on time t leads to the following result 
 

( )
( )

( ) ( )
( )[ ]

( ) ( ) ( )
( )[ ]

×








+
−+∫ ∫

∂

∂









+
+=

z

zE
zKddzyxu

xz

zE
zK

z
tzyxu

t

xx
σ

ϑττ
σρ

ϑ

13
,,,

16

51
,,,

0 0
12

2

2  

( )
( ) ( ) ( ) ×








∫ ∫

∂

∂
+∫ ∫

∂

∂
+∫ ∫

∂∂

∂
×

t

z

t

y

t

y
ddzyxu

z
ddzyxu

y
ddzyxu

yxz 0 0
12

2

0 0
12

2

0 0
1

2

,,,,,,,,,
1 ϑϑϑ

ϑττϑττϑττ
ρ

 

( )
( ) ( )[ ] ( )

( ) ( ) ( )
( )[ ]

( ) ( )
( )

×−








+
+∫ ∫

∂∂

∂
+

+
×

z

z
zK

z

zE
zKddzyxu

zxzzz

zE t

z
ρ

β

σ
ϑττ

ρσρ

ϑ

13
,,,

1

12 0 0
1

2

 

( )
( )

( ) ( )
( )[ ]

( )
( )

×−∫ ∫
∂

∂









+
+−∫ ∫

∂

∂
×

∞

z
ddzyxu

xz

zE
zK

z
ddzyxT

x
x

t

ρ
ϑττ

σρ
ϑττ

ϑϑ 1
,,,

16

51
,,,

0 0
12

2

0 0

 

( ) ( )
( )[ ]

( ) ( )
( )

( )



+∫ ∫

∂

∂

+
−∫ ∫

∂∂

∂









+
−×

∞∞

0 0
12

2

0 0
1

2

,,,
1

,,,
13

ϑϑ

ϑττ
σ

ϑττ
σ

ddzyxu
yz

zE
ddzyxu

yxz

zE
zK

yy
 

( )
( )

( ) ( )
( )[ ]

( ) ×∫ ∫
∂∂

∂









+
+−




∫ ∫

∂

∂
+

∞∞

0 0
1

2

0 0
12

2

,,,
132

1
,,,

ϑϑ

ϑττ
σρ

ϑττ ddzyxu
zxz

zE
zK

z
ddzyxu

z
zz

 

( )
( ) ( )

( )
( )∫ ∫

∂

∂
++×

∞

0 0
0 ,,,

1 ϑ

ϑττ
ρ

β

ρ
ddzyxT

xz

z
zKu

z
x

 

( ) ( )
( ) ( )[ ]

( ) ( ) +







∫ ∫

∂∂

∂
+∫ ∫

∂

∂

+
=

t

x

t

xy
ddzyxu

yx
ddzyxu

xzz

zE
tzyxu

0 0
1

2

0 0
12

2

2 ,,,,,,
12

,,,
ϑϑ

ϑττϑττ
σρ

 

( )
( )
( )

( ) ( ) ( )
( )[ ]




+
+

∫ ∫
∂

∂
+∫ ∫

∂∂

∂
+

+
×

z

zE
ddzyxu

y
ddzyxu

yxz

zK

z

t

x

t

y
σ

ϑττϑττ
ρσ

ϑϑ

112

5
,,,,,,

1

1

0 0
12

2

0 0
1

2

 

( )
( )

( )
( )

( ) ( ) ×




















∫ ∫

∂

∂
+∫ ∫

∂

∂

+∂

∂
+





+
t

z

t

y
ddzyxu

y
ddzyxu

zz

zE

zz
zK

0 0
1

0 0
1

,,,,,,
1

1 ϑϑ

ϑττϑττ
σρ

 

( )
( )

( )
( )

( )
( )

( )[ ]
( ) ( ) ×∫ ∫

∂∂

∂









−
+

−∫ ∫−×
t

y

t

ddzyxu
zy

zK
z

zE
ddzyxT

z

z
zK

z 0 0
1

2

0 0

,,,
16

,,,
2

1 ϑϑ

ϑττ
σ

ϑττ
ρ

β

ρ
 

( )
( )

( ) ( )[ ]
( ) ( ) ( ) ×−








∫ ∫

∂∂

∂
+∫ ∫

∂

∂

+
−×

∞∞

zKddzyxu
yx

ddzyxu
xzz

zE

z
xx

0 0
1

2

0 0
12

2

,,,,,,
12

1 ϑϑ

ϑττϑττ
σρρ

 

( )
( )

( )
( )
( )

( )
( )

( )
( )[ ]




+
+∂

∂
−∫ ∫

∂∂

∂
−∫ ∫×

∞∞

z

zE

yz
ddzyxu

yxz

zK
ddzyxT

z

z
y

σρ
ϑττ

ρ
ϑττ

ρ

β ϑϑ

112

51
,,,,,,

2

2

0 0
1

2

0 0

 



Advances in Materials Science and Engineering: An International Journal (MSEJ), Vol. 3, No. 2, June 2016 

 

37 

( ) ( ) ( ) ( ) ×














∫ ∫

∂

∂
+∫ ∫

∂

∂

∂

∂
−∫ ∫







+
∞∞∞

0 0
1

0 0
1

0 0
1 ,,,,,,,,,

ϑϑϑ

ϑττϑττϑττ ddzyxu
y

ddzyxu
zz

ddzyxuzK
zyx

 

( )
( ) ( ) ( )

( )
( )

( )[ ]
( )

yy
uddzyxu

zyz

zE
zK

zzz

zE
0

0 0
1

2

,,,
16

1

2

1

1
+∫ ∫

∂∂

∂









+
−−





+
×

∞ ϑ

ϑττ
σρρσ

 

( ) ( )
( ) ( )[ ]

( ) ( )



+∫ ∫

∂

∂
+∫ ∫

∂

∂

+
=

∞∞

0 0
12

2

0 0
12

2

,,,,,,
12

,,,
ϑϑ

ϑττϑττ
σρ

ddzyxu
y

ddzyxu
xzz

zE
tzyxu

zzz
 

( ) ( ) ( )









+∫ ∫

∂

∂

∂

∂
+




∫ ∫

∂∂

∂
+∫ ∫

∂∂

∂
+

∞∞∞

0 0
1

0 0
1

2

0 0
1

2

,,,,,,,,,
ϑϑϑ

ϑττϑττϑττ ddzyxu
xz

ddzyxu
zy

ddzyxu
zx

xyx
 

( ) ( ) ( )
( ) ( )

( )
( )




×
+∂

∂
+











∫ ∫

∂

∂
+∫ ∫

∂

∂
+

∞∞

z

zE

zzz
zKddzyxu

z
ddzyxu

y
xx

σρρ
ϑττϑττ

ϑϑ

16

11
,,,,,,

0 0
1

0 0
1  

( ) ( ) ( )



−∫ ∫

∂

∂
−∫ ∫

∂

∂
−∫ ∫

∂

∂
×

∞∞∞

0 0
1

0 0
1

0 0
1

,,,,,,,,,6
ϑϑϑ

ϑττϑττϑττ ddzyxu
y

ddzyxu
x

ddzyxu
z

yxz
 

( ) ( )
( )
( )

( )
zz

uddzyxT
zz

z
zKddzyxu

z
0

0 00 0
1 ,,,,,, +∫ ∫

∂

∂
−










∫ ∫

∂

∂
−

∞∞ ϑϑ

ϑττ
ρ

β
ϑττ . 

 

In this paper we calculate distributions of concentration of dopant, concentrations of radiation 

defects and components of displacement vector in space and time by using the second-order ap-

proximation framework method of averaging of function corrections.  
 

This approximation is usually enough good approximation to make qualitative analysis and to 

obtain some quantitative results. All obtained results have been checked by comparison with re-

sults of numerical simulations. 
 

3. DISCUSSION 

Now we analyzed changing concentrations of dopant and radiation defects in space and time in a 

heterostructure with account mismatch-induced stress. Several spatial distributions of dopant con-

centration are presented on Fig. 2 for diffusion type of doping and on Fig. 3 for ion type of dop-

ing. In the both cases dopant diffusion coefficient in the epitaxial layer is larger, than in the sub-

strate. One can find from these figures, that using in homogeneity of heterostructure leads to in-

creasing of sharpness of p-n-junctions. In this situation the accompanying effect is increasing 

homogeneity of dopant distribution in doped part of heterostructure. Switching time of p-n- junc-

tion correlated with the junction sharpness and could be increased with increasing of the sharp-

ness. Increasing homogeneity of dopant distribution leads to decreasing local overheat leads to 

decreasing local heating during functioning of p-n-junction or to decrease dimensions of the p-n-

junction for fixed maximal value of local overheat. However framework this approach of manu-

facturing of p-n-junction and their systems (bipolar transistor and thyristors) it is necessary to op-

timize annealing of dopant and/or radiation defects. Reason of this optimization is following. If 

annealing time is small, the dopant did not achieve any interfaces between materials of hetero-

structure. In this situation one cannot find any modifications of distribution of concentration of 

dopant. Increasing of annealing time leads to increasing of homogeneity of distribution of con-

centration of dopant. We optimize annealing time framework recently introduces approach 

[16,18-24]. To use the criterion one shall to approximate real distribution of concentration of do-

pant by step-wise function (see Figs. 4 for diffusion doping and 5 for ion doping). The optimal 

values of annealing time have been calculated by minimization of the following mean-squared 

error 
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Fig.2. Distributions of concentration dopant in heterostructure from Fig. 1 for diffusion type of 

doping. Direction of diffusion is perpendicular to interface between layers of heterostructure. Do-

pant diffusion coefficient in the epitaxial layer is larger, than in the substrate and increasing with 

increasing of number of curves. 
 

x

0.0

0.5

1.0

1.5

2.0

C
(x

,Θ
)

2
3

4

1

0 L/4 L/2 3L/4 L

Epitaxial layer Substrate

 
 

Fig.3. Distributions of concentration dopant in heterostructure from Fig. 1 for ion type of doping. 

Direction of diffusion is perpendicular to interface between layers of heterostructure. Curves 1 

and 3 corresponds to annealing time Θ = 0.0048(Lx
2+Ly

2+Lz
2)/D0. Curves 2 and 4 corresponds to 

annealing time Θ = 0.0057(Lx
2
+Ly

2
+Lz

2
)/D0. Curves 1 and 2 are the distributions of concentrations 

of dopant in homogenous sample. Curves 3 and 4 are the distributions of concentrations of dopant 

in the heterostructure. Dopant diffusion coefficient in the epitaxial layer is larger, than in the sub-

strate and increasing with increasing of number of curves. 
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Fig. 4. Distributions of concentration dopant in heterostructure from Fig. 1 for diffusion type of 

doping. Curve 1 is idealized distribution of dopant. Curves 2-4 are the calculated distributions of 

dopant for several values of annealing time. Annealing time increased with increasing of number 

of curves. 
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Fig. 5. Distributions of concentration dopant in heterostructure from Fig. 1 for ion type of doping. 

Curve 1 is idealized distribution of dopant. Curves 2-4 are the calculated distributions of dopant 

for several values of annealing time. Annealing time increased with increasing of number of 

curves. 

0.0 0.1 0.2 0.3 0.4 0.5
a/L, ξ, ε, γ

0.0

0.1

0.2

0.3

0.4

0.5

Θ
 D

0
 L

-2

3

2

4

1

 
 

Fig.6. Dimensionless optimal annealing time of infused dopant. Curve 1 describes dependence of 

the annealing time on normalized thickness of epitaxial layer, ξ = γ   = 0 and equal to each other 

values of dopant diffusion coefficient in all layers of heterostructure. Curve 2 describes depen-

dence of the annealing time on normalized difference between diffusion coefficients ε  = (DEL-DS)/ 

DS, a/L=1/2 and ξ  = γ  = 0. Curve 3 describes dependence of the annealing time on value of parame-

ter ξ for a/L=1/2 and ε  = γ  = 0. Curve 3 describes dependence of the annealing time on value of 

parameter γ for a/L=1/2 and ε  = ξ  = 0. 
 

 

0.0 0.1 0.2 0.3 0.4 0.5
a/L, ξ, ε, γ

0.00

0.04

0.08

0.12

Θ
 D

0
 L

-2

3

2

4

1

 
 



Advances in Materials Science and Engineering: An International Journal (MSEJ), Vol. 3, No. 2, June 2016 

 

40 

Fig.7. Dimensionless optimal annealing time of implanted dopant. Curve 1 describes dependence 

of the annealing time on normalized thickness of epitaxial layer, ξ = γ   = 0 and equal to each other 

values of dopant diffusion coefficient in all layers of heterostructure. Curve 2 describes depen-

dence of the annealing time on normalized difference between diffusion coefficients ε  = (DEL-DS)/ 

DS, a/L=1/2 and ξ  = γ  = 0. Curve 3 describes dependence of the annealing time on value of parame-

ter ξ for a/L=1/2 and ε  = γ  = 0. Curve 3 describes dependence of the annealing time on value of 

parameter γ for a/L=1/2 and ε  = ξ  = 0. 
 

 

Here ψ (x,y,z) is the step-wise approximation function. We calculate dependences of optimal val-

ues of annealing time on parameters. These dependences are presented on Figs. 6 (for diffusion 

type of doping) and 7 (for ion types of doping). It is known, that radiation defects should be an-

nealed after ion implantation. Distribution of concentration of these defects will be spreads during 

the annealing. If distribution of dopant concentration achieves nearest interface, than we obtain 

rare ideal case. If the dopant has not enough time for the achievement, it is practicably to addi-

tionally anneal the dopant. In this situation the considered the additional annealing time became 

smaller, than annealing time for diffusion type of doping. 
 

Now we analyzed correlation between relaxations of mismatch-induced stress and distribution of 

concentration of dopant. If ε0< 0, one obtain compression of distribution of concentration of do-

pant. Contrary one obtain spreading of distribution of concentration of dopant. Laser annealing 

gives a possibility to decrease influence of mismatch-induced stress on distribution of concentra-

tion of dopant [22]. Using the annealing leads to acceleration of dopant diffusion in the irradiated 

area. Taking into account mismatch-induced stress leads to changing of optimal values of anneal-

ing time. Mismatch-induced stress could be used to increase density of elements of integrated 

circuits. On the other hand could leads to generation dislocations of the discrepancy. Fig. 8 shows 

distributions of component of displacement vector in direction, which is perpendicular to epitaxial 

layer and substrate. 
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Fig. 8. Normalized dependences of component uz of displacement vector on coordinate z for nonporous 

(curve 1) and porous (curve 2) epitaxial layers 

 
Fig. 9. Normalized distributions of charge carrier mobility in the considered heterostructure. 
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Curve 1 corresponds to the heterostructure, which has been considered in Fig. 1. Curve 2 corres-

pond to a homogenous material with averaged parameters of heterostructure from Fig. 1 
 

 

Now we consider the changing of charge carrier mobility with changing of distribution of concen-

tration of dopant. It has been recently shown, that the mobility is a function of concentration of 

dopant: µ ~ C
1/3 [25]. The situation is illustrated by Fig. 9. The figure shows normalized distribu-

tions of charge carrier mobility in the considered heterostructure. Curve 1 corresponds to the hete-

rostructure, which has been considered in Fig. 1. Curve 2 correspond to material after averaging 

parameters of heterostructure from Fig. 1. 

 

4. CONCLUSIONS 

In this paper we consider a possibility to increase sharpness of diffusion-junction and implanted-

junction heterorectifiers. At the same time homogeneity of distribution of concentration of dopant 

in enriched by the dopant increases. We also consider an approach to decrease mismatch-induced 

stress in the considered heterostructure. We analyzed influence of changing of concentration of 

dopant on value of charge carrier mobility. 
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