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ABSTRACT

This paper is intended to build a connection between dynamics and fluid mechanics. Since Lagrangian
equations are very useful tools in dynamics now it is discovered that it can be also used in fluid mechanics,
so connection can be built through this equation... Here, the lagrangian equation is derived from the
momentum equation in fluid mechanics, and then the equation is applied to three different coordinates,
Cartesian, cylindrical and spherical. Certainly the application of the equation is not limited to these three
different coordinates. This is just for illustration. Many applications are expected.
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1. INTRODUCTION

Fluid mechanics is my major in my graduate study. In my memory when I started to study the
fluid mechanics, I learned a complete set of different equations in fluid mechanics. It seems not
much related with dynamics. Here I hope that I can get some connections between dynamics and
fluid mechanics. In dynamics, Lagrangian equations are very useful tools;many equations are
developed with the use of Lagrangian equation. Now based on the momentum equation in fluid
mechanics, I derived the Lagrangian equation, so I prove that Lagrangian equation can be also
used in fluid mechanics. To simplify the derivation, I started the derivation for incompressible
fluid, so a more general form of Lagrangian equation can be further developed. To illustrate the
use of the equation, some examples are given. Those are especially in very familiar area, so
people can immediately recognize that the equation is working. Momentum equations for inviscid
incompressible fluid in Cartesian, cylindrical and spherical coordinates are chosen for the
illustration.

2. DERIVATION OF LAGRANGIAN EQUATION

In dynamics, especially in the Chapter of Lagrange’s equations, the position vector r is
considered as a function of generalized coordinates q; and time t.

r= r(qi't )

And velocity 1 is a function of generalized coordinatesq;, generalized velocity §;and time t.

r = r(q;q;t)

These notations will be used here in this paper.
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In fluid mechanics, for incompressible fluid, when a portion of fluid is observed, following this
portion of fluid, the momentum equation can be written as

DV
po—F=0 (1)

: .. D . . o . : :
Where p is densﬂy,a is the substantial derivative, V is velocity and F is force per volume.

Applying the virtual work concept, the equation becomes
DV _
(pE—F)-dr—D 2)

Since the virtual work is done at one instant of time, r is function of generalized coordinates only,
SO

ov o dr _
(o= F)eSiss dai=0 (3)

Now equation (3) is to be considered by two parts, first part is
DV dr D . dr
P o *oa dg; = p [(ET) .E'_qi] dg;

=[5l 5) - nag] o

P [ (1 e 3g) — 7 5l da

Since ;—; = ;_; which is proved in Equation (4 — 12) in Ying’s Advanced Dynamics [1] and
r=V,

s =0 [3(5 0+ e

o [ (G2)— 5o da @

2
where T = V7 kinetic energy per unit mass. For the other term
d c
Feoodg = Qg )

Where Q; is called generalized force = F e :—;_Hence by combining equations (4) and (5) with (3),

we Have
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Ei{ﬂ [E B_T)— a_i]— Qi}d% =0

Dt “dq;

Because all the q; areindependent, the coefficients must be zero. Therefore,
D [&T 8T
P [E(ﬂ_m) - a_ql-] = Q (6)
This is the Lagrangian equation for incompressible fluid in fluid mechanics.

3. APPLICATION

To illustrate the use of the equation three different coordinates are chosen, Cartesian, cylindrical
andspherical. Since they are familiar to everybody, they can be recognized easily.
A. Cartesian Coordinates

dr=idx+jdy+ kdz
r=Ix+jv + kz

T =

B3| =

V2 =2 (32432 +22)

Applying the Lagrangian equation
As q; = x, we have

D &T E'T:I
[Dt P 8xl™ Qx
Dx _
P o= x
du fu fu du dp
—_— p— p— T o— [ —
P EH:+ uﬂx+1'rﬂy+“ E'z) dx (?}

where u =X, v=y, w =z and P is pressure.
Similarly for q; =y, we have

Dy _
pr ¥
B B Bw B gp
—+u—+v—+w—)=—— 5
J|:"(EH: dx oy dz v (}

For q; = z, we have
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B. CYLINDRICAL COORDINATES
dr = eg dR+ e, Rdp +kdz

T=2>V2=2[R2+ (R@)2+ 27

(SR

For q; = R, we have

(2o o

For q; = ¢, we have

Cylindrical Coordinates

p [2 (R29)] = Q, = F,R

R[22+ B|=F,R

p [& '[R'th}] = F Dt R

Similarly, for q; = z, we have

(9)

(10)

(11)
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Dz

fu (ﬁ) = Qz = Fz
DVg _ E'_P
Dt dz

Where Vg = R, Vo =R¢, V, = zand
_ @ 8 Ve 8 8
=&t VRaR—i_ R dp Y, az

C. SPHERICAL COORDINATES

dR=dre,+rdfey; + rsinfdpe,

V= fe+rfeg +r¢ sinh e,

1.9 1 [,4 oy 2 L R
T=-V:=- [r‘+{rﬂ} +(rcp51nﬂ}‘:|
L e E—re E—rsinﬂe
ar _ °F g~ —® F P

For q; = r,we have
E'T E'T -~ Y Bl -
— =7 — = r@°+ rg-is5ng-
or ar P ( ::I

Spherical Coordinates

p {E — [r82 +r (o sinﬂ}z]}= Q-

Dt
P t(i+ V)] = @=-Z+pg re,

For g; = 6, we have

(12)

(13)
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aT o T
=T s PR 4 sin® cos@

0 [& (r28) — rzc'p:sinﬂmsﬂ] = Qe
o [ (rVe) — V2 cotd] = For

prE+pngr — pVgcotB= Fgr

DVg VaVr Ve _ _lgr .
i~ + p - —prcutﬂ— |."E|9+pg eg (14)

Similarly for q; = ¢, we have

D a1 o _pJ R o _ .
Pa[(r sin8)%¢] = Qe =F ” =Fersinf e, = Fyrsinf

p %{r sinﬂvq,}: pr sin@ % + pV.sin® Vi, + pr cos8 8 Vo= Fgyrsing

Vo Ve Ve B _ 1 @ap . _
— +p - cotd = F, = p—ge +pgee, (15)

whereV, = , Vg =10, V, =rsinf ¢,

D_2,y8 Ved Ve 3
Dt Eit+vr Br+ r o8 reinf do
4. CONCLUSION

This paper may be considered as the first step for the use of Lagrangian equation in fluid
mechanics. An inviscid incompressible fluid is considered here, more general form of the
Lagrangian equation can be developed for more general kind of fluid. Now the door is open,
further development and application of the equation can be very fruitful to scientists in fluid
mechanics.
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