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ABSTRACT

In the earlier work, Knuth present an algorithm to decrease the coefficient growth in the Euclidean
algorithm of polynomials called subresultant algorithm. However, the output polynomials may have a
small factor which can be removed. Then later, Brown of Bell Telephone Laboratories showed the
subresultant in another way by adding a variant calledt and gave a way to compute the variant.
Nevertheless, the way failed to determine everyt correctly.

In this paper, we will give a probabilistic algorithm to determine the variant = correctly in most cases by
adding a few steps instead of computing t(x) when given f(x) andg (x) € Z[x], where t(x) satisfies that
s@)f(x) +t(x)g(x) = r(x), here t(x), s(x) € Z[x]

KEYWORDS

Euclidean Algorithm, Subresultant, Primitive Remainder Sequences,

1. INTRODUCTION

The Euclidean algorithm and the extended Euclidean algorithm of polynomials is an important
research object in polynomial computer algebra. Using this algorithm, one can get the g.c.d. of
two polynomials (denoted as gcd(f, g) when given polynomials f(x) and g(x)) and decides
whether these polynomials are coprime or not. Specifically, if the degree of gcd(f, g) is larger
than 0, f(x) and g(x) are not coprime, otherwise, f(x) and g(x) are coprime. Being coprime
between two polynomials means there exist common roots between these two polynomials.

To quantify the indicator whether there exists a common root between f(x) and g(x), Sylvester
gave a matrix in 1840 called Sylvester matrix with entries simply being the coefficients of f(x)
and g(x). The determinant of Sylvester matrix is called resultant. Whether the resultant of f (x)
and g(x) is nonzero corresponds to the case where f(x) and g(x) are coprime or not
respectively. Moreover, Sylvester generalized his definition and introduced the concept of
subresultant. They are nonzero if and only if the corresponding degree appears as a degree of a
remainder of the Euclidean algorithm.

However, the early Euclidean algorithm of polynomials works for polynomials inF[x], here FF is
a field. In 1836 Jacobi introduced pseudo-division over polynomials and extended the Euclidean
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algorithm of polynomials in field to a domain by multiplying f(x) with a certain power of the
leading coefficient of g(x) before starting the division.

Using pseudo-division, there are a lot of results about polynomials even the ideal lattice used in
cryptography. From 1960, researchers built early computer algebra systems and G.C.D.
computations were an important test problem. Nevertheless, using pseudo-division in Euclidean
algorithm causes exponential coefficients growth. In 1967, Collins [1] explained that the i-th

intermediate coefficients are approximately longer by a factor of (1 +\/§)l than the input
coefficients. There are many ways to decrease the size of coefficients, most of them are quite
inefficient, however. In this paper, we mainly focus on the subresultant algorithm and its variant.
In [2], Knuth present the early subresultant algorithm and gave an elegant proof of its correctness.
In [3], Brown showed the variant of subresultant algorithm and gave a way to remove the small
factor of each remainder. However, the method he present didn't work always.

Recently, in [4], they show an algorithm to triangularize the basis of an ideal lattice which is
often used to construct ideal lattice-based cryptosystems. In their algorithm, they need to compute
all the PPRSoL (the definition given in Sec.2.4) of f(x) and g(x). However, to obtain the
PPRSoL, we need to compute each content of t;(x) satisfying s; (x)f (x) + t;(x)g(x) = r;(x) to
remove the extra factor in each original remaindes r;(x). However, in this paper, we find a new
way to obtain PPRSoL without computing t;(x) by applying the variant of subresultant
algorithm.

In this paper, we give some results about the extended Euclidean algorithm. Using these results,
we propose a new algorithm that outputting the PPRSoL of f(x) and g(x) which works for most
cases.

2. PRELIMINARIES

2.1. Notations

In this paper, a matrix is denoted as uppercase bold letter and a vector is denoted as lowercase
bold letter. For a matrixA € R™*™, the element in the i-th row and the j-th column of 4 is
expressed as a; ;. For a polynomial f(x) with degree n, we use lc(f) to present the leading
coefficient of f(x) and usedeg(f) to present the degree. The degree of a constant polynomial is
defined as 0 and the degree of a zero polynomial is defined as —oo. The greatest common divisor
is abbreviated to g.c.d.. Let ¢[x] denote the domain of polynomials in x with coefficients in ¢.
Unless otherwise specified, we only consider the polynomials in Z[x].

2.2. Some Definitions

Definition 1: [Hermite Normal Form] Given a square matrix H € Z™™. Then H is Hermite
Normal Form(HNF) if and only if it satisfies:

1) hy=1,forl <i <n;
2) hyy=0for1<j<ic<n
3) hji<hyforl<j<i<n

We need to emphasize that the definition given above is only one way to define HNF. According
to row or column transformation and upper or lower triangularization, there are other different
definitions of HNF.
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Definition 2: [Primitive Polynomial] A polynomial a(x) € Z[x] is called a primitive polynomial
if for any integer |k| > 1, a(x)/k & Z[x].

Definition 3: [Content] For a polynomial a(x) = a,x™ + ---+ a;x + ao € Z[x], the content of
a(x), denoted ascont(a(x)), is the g.c.d of (a,, -, a;, ap).

Definition 3: [Resultant] Let f(x) = fux™ + -+ fix + fo, g(x) = gmx™ + - + g1x + go be
two polynomials with degree n and m respectively. Define the Sylvester matrix of f(x) and g(x)
as

™ f ()]
x™Ef ()
sywver, ) =| L)
x"2g ()
i g(.x) |
_fn fn—l fO
fn fn—l fO
_ fo fr
Im YIm-1 g1 9o
Im  Im-1 " g1 9o
- Im Im-1 " G1 go'(m+n)><(m+n)

Then the resultant of f(x) and g(x), denoted as Res(f(x), g(x)), is the determinant of
Sylv(f, g9).

Definition 3: [Subresultant] Let f(x) = fux™ + -+ fix + fo, g(X) = gmx™ + -+ g1x + go
be two polynomials with degree n and m respectively.For 0 < k < n, the k-th subresultant of
f(x) and g(x) is the determinant of S, (f, g) defines as

_fn fn—l fn—m+k+1 fk+1 ka—m+1_
fn fn—m+k+2 fk+2 ka—m+2
fn fm fk
Sk(f,g) — Im Im-1 gk:+1 gm—r:+k+1 ng?n+1
gm : : .
Im
gm 9k “(m+n-2k)x(m+n-2k)
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Remark 1. From the structure of S, (f, g) and Sylv(f, g), we can tell that indeed if we delete the
last 2k columns and the last k rows of f(x) and g(x) respectively in Sylv(f,g), we obtain

Sk(f, g). Expecially, So(f, g) = Sylv(f, 9).

Next we will give the conception of ideal lattice which takes an important role in the lattice-based
cryptography, and we mainly focus on the cases in which an ideal lattice can be derived from

f(x) and g(x).

Ideal Lattice We define ideal lattice over aring R = Z[x]/(f (x)), where f(x) € Z[x] is a monic
and irreducible polynomial of degree n and {f(x)) is the ideal generated by f(x) € Z[x].

Consider the coefficient embedding

o-'R - /Al
n—-1
Z aixl = (an—1;an—2;"';a0)
i=0

From [5], we know that the ideal generated by g(x) forms a lattice under o and we call it the
ideal lattice £ generated by g(x) . Moreover, g(x)modf(x) , xg(x)modf(x) , -,
x™"1g(x)modf (x) form a basis of £. As we can see, the basis is closely related to the Sylvester
matrix of f(x) and g(x). When f(x) and g(x) are coprime over Q[x], the ideal lattice is full-
rank.

Then we present a lemma in [5] that we will use later.
Lemma 1. Let £ be the ideal lattice generated by g(x) € R = Z[x]/{f(x)), where f(x) is a

monic polynomial of degree n and is relatively prime to g(x). Then the Hermite Normal Form of
a basis of £

[hl,l hiz - hl,n]
H = I hyp -+ hap I
| Mol

satisfies h;;|h;j, for1< i< < j< n
2.3. The Classical Euclidean Algorithm of Polynomials over A Field

Given a field F. Let f(x) and g(x) € F[x] with deg(f) > deg(g). Then the division of f(x)
and g(x) yields a unique quotient Q (x) and remainder R(x) such that

f) =Q(x)g(x) + R(x)
here deg(g) > deg(r), deg(q) = deg(f) — deg(g).

If we repeat the step for each divisor polynomial and remainder, we will obtain a sequence of
remainders with decreasing degrees. Formally, a detailed procedure of the Euclidean algorithm of
polynomials over a field is present as following:
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( fx) = Qi(x)g(x)+R:(x)
gx) = Qy(x)Ry(x)+ R,(x)

|R2(x) = QGOR-(x)+ Ry(x)
U R® = QR

wheredeg(g) > deg(R;) > -+ > deg(R;) and all the coefficients are in the given field. Note
that if deg(R;) = 0, it shows that f(x) and g(x) are coprime in F[x], which means the resultant
of f(x) and g(x) is nonzero.

2.4. Polynomial Remainder Sequence

The procedure of the Euclidean algorithm of polynomials over a unique factorization domain
(UFD) is similar to the one over a field. The difference exits because the division between two
polynomials requires exact divisibility in the given domain, which is usually impossible to
realize. To solve the problem, the procedure of pseudo-division is proposed, which yields a
unique pseudo-quotient g(x) and pseudo-remainder r(x) such that

(1c(9)* ™ () = q()g(x) + 1 (x)

here deg(g) > deg(r), § = deg(f) — deg(g), r(x) is equivalent with prem(f, g). Moreover,
the coefficients of q(x) and r(x) are in the given domain.

For nonzero polynomials a(x), b(x) € ¢[x], we say a(x) is similar to b(x)(a(x)~b(x)) if there
exist ¢y, ¢, € ¢ such that c;a(x) = c,b(x). So if we choose r'(x) that is similar to r(x), we can
do the same step as above for g(x) and r’(x). Thus, we can rewrite the procedure of pseudo-
division:

af (x) = q(x)g(x) + pr(x).

Then the detailed procedure of pseudo-division is present as following:

(af(0) = q(x)gx)+ pyry(x)
jazgm = () (x) + Bor(x)
|
L

an_,(x) = CIl(-x)rl—l(x)‘l'.Blrl(x)
-1 (x) = qp10oOn(x)

here deg(g) > deg(r;) > --- > deg(r;) and all thea; and B; are in the given domain.

Generally, we denote f(x) = r_;(x) and g(x) = 15(x), then a; = (lc(ri_l))gi_z_l, where §; =
deg(r;) —deg(r;;1). Note that now prem(r;_,,7;_1) = B;ir;(x). Then r_;(x), ro(x),---,1;(x)
form a sequence called polynomial remainder sequence(PRS).

From [5], if a remainder r(x) = s(x)f(x) + t(x)g(x) can derive a basis of ideal lattice, t(x)
must be primitive. In this paper, we also want to obtain such remainders and we call these
remainders as primitive PRS of lattice (PPRSoL). Next, we give a result about s; (x) and t; (x).
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Lemma 2. Let f(x), g(x) € Z[x] be two polynomials with degree n and m respectively, where
n>m. Let r_;(x),19(x), -+, r;(x) be the remainders in procedure of pseudo-division. If
deg(r;) = n;, then r;(x) = s;(x) f (x) + t;(x) g(x) satisfies deg(s;) < m, deg(t;) < n and:

1) si(x) = (aisi—z(x) - CIi(X)Si—1(X))/ﬁi; ti(x) = (aiti—z(x) - Qi(x)ti—1(x))/ﬁi

2) deg(s;)) =m—deg(r;_;),deg(t;) =n—deg(ri_;)

If we represent 7;(x) = s;(x) f(x) + t;(x)g(x) under the embedding o, fori = —1,0,---, [, then
we can denote r;(x) as a sequence of vectors and we use a matrix R to represent r;(x) as

following:
_fn fn—m+1 fn—m
fn fn—l
rO,no
0

fo
fm—l fm—z
70,0
7AO,‘I‘LO
rl,TLo

rl,nl

fi

rl,nl_

(m+n)x(m+n)

Also, we use S and T to represent the matrice denoting s;(x) and t; (x) respectively.

tl,n—nl_l

tl,n—no

tl,n—nl_l

tl,n—no

1

nxn
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[ 0
0
S1,m-n, S1,0
§= S1,m-n, $1,0
Sim-ny_, 51,0
L Stm-n;_, Sl'O‘nxm

So if we give a matrix hamed ST, then procedure of pseudo-division can be represent as a matrix
multiplication.

0

S T (m+n)x(m+n)
ST - Sylv(f,g) = R
Here we need to show that by elementary row transformation, ST can be transformed into

1
0

0 T (m+n)x(m+n)

which means that the determinant of ST equals to the determinant of T. Also according to lemma
2, it turns out that after appropriate row switching, T is actually an upper triangular matrix, thus
the determinant of T is |[T}_, lc(t) ™17

In the following part, we introduce some typical PRSs which differs from each other by choosing
different g;.

2.4.1. Euclidean Polynomial Remainder Sequences

When choosing 8; = 1 for all i in PRS, we obtain Euclidean PRS. This is a generalization of the
Euclidean algorithm over integers. However, the algorithm is quite inefficient because with the
proceeding of the sequence, the coefficients of the remainders grow exponentially. To be
specific, we need to calculate each t;(x) and cont(¢;(x)) to get a eligible PPRSoL, which costs
too much. So we need to determine certain £3; to ensure the efficiency.
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2.4.2. Primitive Polynomial Remainder Sequences

When choosing g; = cont(prem(r;_,,7;_,)) for all i in PRS, we obtain primitive PRS. Although
the algorithm stops the coefficients growing exponentially in every step of the pseudo-division,
however, when proceeding primitive PRS, the coefficients of s;(x) and t; (x) may be not in the
given domain, which means that the PRS we obtain is not PPRSoL. So primitive PRS doesn't
satisfy our requirement.

2.4.3. Subresultant Polynomial Remainder Sequences

When g; is related to the subresultant, we obtain subresultant PRS. The equation set as following
depicts the procedure of the subresultant PRS algorithm in [2].

a'yf(x) = q'1(0)gx) + B'1r'1 (x)
a,g9(x) =q', (X).H(X) + B2 (%)

&1y (0) = T () + By (%)

i_2+1

! ! ! 5
where r_;(x) = f(x), ro(x) = g(x), n; =deg(r'y), §; =n; —nj4q, @'y = (lc(r i—1)) ,
IBIi = lC(T,i_Z)hiai_z, h1 = 1, hi = (lc(r,i_z))ai_3hi_ll_ai_3, fOI’ 2 <i< l + 1.

Intuitively, the intact subresultant algorithm can be present in Algorithm 1. We point out that
because we want to get PPRSoL, the input of every PRS algorithm in the paper contains a monic
and irreducible polynomial.

Algorithm 1 Subresultant PRS Algorithm
Input: two polynomials f(x), g(x) € Z[x] with degree n and m respectively and f(x) is monic and
irreducible
Output: Subresultant PRS, 7' (x), 7', (x), -
L[Initialize]l « h « 1,7"5(x) = gx),i « 1
2.[Pseudo-division]
2.1Set8 =deg(f) —deg(g)
2.2 Calculate r(x) such that r(x) = s(x)f (x) + t(x)g(x)
3.[Adjust remainder]
3lu(x) « g(x), r'i(x) « gx) « r(x)/1h°
3.21 « lc(f),h < h*7%18
3.3 Ifdeg(r) =0, goto Step 4
34i« i+1,gotoStep2
4.[Return] 'y (x), ' (x), -+

Notice that for r';(x) = s";(x)f(x) +t';(x)g(x), t';(x) maybe not primitive in the given
domain, which means that we can still decrease the coefficients of r’; (x) by removing a factor.

In [6], the author shows that the h; is indeed the n;_;-th subresultant of f(x) and g(x), that is
h; = Sy, (f,g). Also, in [3], the author shows that every h; is an integer and r’;(x) € Z[x] and
gives an elegant proof.
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2.4.4. Improvements of Subresultant Polynomial Remainder Sequences

This is another expression of subresultant PRS. As stated above, for the output of Algorithm 1,
ri(x) =s1(x)f(x) +t;(x)gx), t';(x) maybe not primitive and there might exist a divisor ;
such that t;(x) = t';(x)/z; is primitive. So in the improvement version, the author transforms the
procedure of the subresultant PRS algorithm as following,

a f(x) = q;(x)g(x) + 111 (x)
a,g(x) =q, (x)r1(x) + f12(x)

i (0) = Q1 () + Bin(x)

where r_;(x) =f(x) , ro(x) =gx) , hy =1, n;=deg(r;) , 6i=n;—Nnyy1 , A =

Si_p+1 , e . _8.
(L))", B = le(ri)h %21y 827y by = (13_5lc(ri_y)) 3k, 1703, for 2 <
i <1+ 1.1;isan integer such that t'; (x)/z;is a primitive polynomial. Clearly, 7, = 1. In [3], the
author chose t; = lc(r;_1) if lc(r;_1)|7'; (x), otherwise ; = 1. However, the method to choose t;
doesn't work for every t;.

Comparing the two subresultant algorithms, we need to emphasis that all the h;s are equal in the
two algorithms.

3. SOME PROPERTIES OF THE SUB RESULTANT POLYNOMIAL REMAINDER
SEQUENCE

Before presenting our algorithm, we give some results about the subresultant PRS.

Proposition 1. Given two polynomials a(x) = a,x™ + -+ a;x + ag and b(x) = by, x™ + -+ +
b,x + by € Z[x], where n > m. Write b7 ™*1q(x) = q(x)b(x) + r(x). Define the matrix

ap  Op—g n—-m+1 An-m a, a; ag
bm bm—l " bl bu
M= JE)'m bm—l o Jb]. bD
bm bm-l bl bO

If the determinant of the matrix M; is denoted as A;, where M; is the i X i submatrix of M
obtained by deleting the last (n —m + 2 — i) rows and the last (n + 1 — i) columns from M, i =
0,..,n—m+1 . Then q(x) =X "M ms1_ibnx* . Moreover, we have

(cont(a(x))cont(b(x))n_m)|q(x).
Proof. We first give the detail of the pseudo-division procedure,

( bna(x) = a,x™ ™b(x) + R,y (x)
bRy (x) = lc(R)x™ ™ 1bh(x) + R, (x)

| bRy -1 (%) = lC(Rn;m—l)xb(x) + Ry (%)
\ bR, (x) = Le(R,y_,)xb(x) + 7(x)
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We denote Ry(x) = a(x) and R,_;p41(x) =7(x), then we claim that R;(x) = X} oA x
where A; ; is the determinant of the (i + 1) x (i + 1) matrix M; ; obtained by deleting the Iast
(n—m+1—1) rows and the last (n + 1 — i) columns except column (n + 1 —j) from M, i =
0..,.n—m+ 1,] =0,..,n—1. Clearly, Ai+1= Ei,n—i-

Then we explain the claim by inductionon i, i =0, ...,n —m + 1.
For i = 0, we have Ry (x) = a(x) and it's obvious that a; = Ay ; for j = 0, ...,n

Next we assume that the claim holds for i = k — 1. Then we denote b,,R,_;(x) and b(x) as
following,

[mek—l,n+1—k mek—l,n—k bmzk—l,n—m+1—k mek—l,l mek—l,O
b b1 b, 0 - 0 0

Then the coefficient of x™ **1~1in Ry (x) is bpAg—1n+1-k—i — bm-ibr—1ns1-k if 1 <i<m
and by Ag_1 n+1-k—; Otherwise. According to the structure of M we know that the coefficient of
x"k*+1-1 s exactly Ay n—g+1—i- SO the claim holds.

From the claim we have lc(R) =A;ni=Aiy1, SO q(x) = X" lc(Ry_m-i)binx
20" Apomy1-ibinX

Then from the structure of M;, we know (cont(a(x))cont(b(x))n_m_i)|An_m+1_l-. So
(cont(a(x))cont(b(x))n_m)|An_m+1_ib§n, which means (cont(a(x))cont(b(x))n_m)|q(x).

Proposition 2. Let r;(x), ---, 1;(x) be the remainders obtained in improved subresultant algorithm.
Present r;(x) = s;(x)f (x) + t;(x)g(x), fori = 1,---,1. Then we have lc(t;) = hi;l_

Proof. According to Lemma 2, t;(x) = é(aiti_z(x) —q;()t;_1(x)) and deg(t;)) = n —n;_4.
Also deg(q;) = 6;_, , so deg(t;)) =n—n;_3 <deg(q;ti_1) =n—mn;_y . Then lc(¢t;) =

l . . - C(rl 2) lC(Tl z)al — aq.q;
7 le(q) le(t;—q), solc(q;) = et Then lc(t;) = erog € le(ti—q) T

§i—p+1 .
Because a; = (lc(ri_1)) ", B; = le(ri—)h;®21;_,~%1-2"1;, then we have

le(t) 1 (tioq le(rm) 0271 (15 le(rip)) 03" (10 1c(rp))®-1+2
c(t) =

Y le(rizg) le(riy) %2t le(ris) hio %31y lc(r_y) hyP 1T
1 (@ima 1)) (rimp Le(riog))®i=8 (1o le(rp))®-1

7, h oz hy o S
_ 1@ Le(r;1))%2 (1y_5 le(ry_)) -3 (To lc(r;))% h
B T; hiai—z hi—16i_3 " hy 8- 2
__hig
==

Remark 2. If we do similar steps for v’ (x), 7’1 (x), -+, 7";(x) in Algorithm 1 and present each
r'i(x) = s';(x)f (x) + t';(x) g(x), then we obtain lc(t';) = hjy1.

Before giving next lemmas, we first present a useful algorithm from [5]. We use the same
symbolsin [5], {(n — n;_; +1,---,n—n;} =1, then{1,2,---,n} = Ut e Li-

10
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Algorithm 2 A Useful Algorithm

Input:ry (x), 1 (x), -, 1y (x)from improved subresultant algorithm
Output: 7 (x), 71 (x), -+, 7 (x)
1Whenk € I, 7" (x) = r(x)x™*ie [ -1
2.When k € I;
2.1 Set Compute ¢ and 1, such that ¥lc(r;) + ¢plc(Fipq) = ged(le(ry), le(Fiy 1))
2.2 Set 7 (x) = r;(x) + Py ()%
2.3 If lC(fn—n,-) =1, set7j(x) = fn_ni(x)x”‘”i‘f,j =1,--,n—mn;, go to Step 3; otherwise
Fie (%) = Ty, O™ 7K f - 1 =1
2.41fi > 0, go to Step 2, otherwise go to Step 3
4.Returnry (x), 73 (x), -+, 7 (x)

We need to explain that Algorithm 2 is equivalent to the corresponding algorithm in [4] and we
just use polynomials to express the output instead of a matrix in [4].

Then we will present some results of cont(;(x))and lc(7;).

Lemma 3. Let r;(x),--,1;(x) be the polynomial remainder sequence obtained in improved
subresultant algorithm. Then cont(r;(x))|cont(r;_1(x)) for 0 < i < 1 —1.

Proof. We prove this lemma by inductionon i,i =0, ..., — 1.

Suppose that H is the Hermite Normal Form over the ideal lattice £ generated by g(x) €
Z[x]/{f (x)), and r;(x) belongs to £. When i = 0, because r,(x) generates the ideal lattice £ ,
then all the vectors in £ can be divided exactly by cont(ry(x)).

Next we suppose that when i < k — 1, cont(r;_;(x))|cont(r;(x)), then we need to show that
cont (1 (x))|cont (41 ().

Consider the (k + 1)-th equation in improved subresultant algorithm,

Ap17k—1(0) = Q1 COT () + Brea1 () 1341 (),

Sp—1+1

then we know cont(r,_; (x))cont(r (x)) | Bk s17we41 (x). Because

ter1(0) = (pg1ti—1(0) = Qa1 Ot (1)) / Bres1,

Br+1 must contain a factor as the content of aj itx—1(x) — qre1 (Ot (x). AlsO ap,q, =
Sk .
le(r)%k1*1 | (cont(r_1 (x) ) cont (7 (x)) )| qr+1(x) due to Proposition 1. Based on the

assumption(cont(r_, (x))|cont(r,(x)), so (cont(rk_l(x))cont(rk (x))gk_l) [Brs1-

If (cont(r(x)) + cont(r11(x)), then there exists a prime a such that a|cont(r,(x)) and
(a - cont(ry_1 (x) ) cont(ry (x))ak_l) |Bie+1. We give 2 cases as following:

1) a-cont(rg_1(x)) t cont(r(x)) , which means that a4 cont(r,_1(x)) and at
cont(ry(x))

ey on According to Proposition 1, we know 13,1 (x) = an‘l Enk— L %7 /Brs1, here

j=0

11
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Ap,—1,j Is the determinant of the (6x_1 + 2) X (k-1 + 2) matrix obtained by deleting the
last n, columns except column n,_;+1—j from M, j=0,..,n, —1. Because at

Tr—1(x) . . ] . le(rg)
ot (s () there exits a j > 1 such that a|M;(x), which means a|—wnt(rk @) Thus we

obtan (a- cont(rk_1(x))cont(rk(x))g"'l) |ag+1 . According to equation tj,,(x) =
(ak+1tk_1(x) - qk+1(x)tk (X))/Bk+1,We have that

(a - cont (13-, (x) ) cont (1, (x))ak'l) [ Grs1 ().

(a - cont(1y_1 (x) ) cont(r;, (x))ak_l) | Bk +1Ti+1 (%), which means we have get
cont (1, (x))|cont (141 (x)).

2) a-cont(r_1(x))|cont(r(x)). Because ayyq = le(r)%-1*1, then we have result that
Sk
cont(r,(x))%=1*1ap41, thus (a - cont(1y_1 (x) ) cont(ry (x)) k 1) |atysq . As the same

step in case 1, we still get cont (. (x))|cont (7,1 (x)).
So in conclusion we obtain cont (7 (x))|cont(r41(x)). The proof is completed.

Lemma 4. Let ry(x),:--,1;(x) be the polynomial remainder sequence obtained in improved
resultant algorithm and 77(x),:--,7;7(x) be the output of Algorithm 2. If
ged(le(ry), cont(rip1(x))) = cont(r;(x)) for i<l—1 , then lc(7) = cont(r;(x)) .
Moreover, Lc(7;) |7 (x).

Proof. We notice that from Algorithm 2, #;(x) = Yr;(x) + ¢7i1 (x)x% , where ¥ and ¢
satisfy  lc(r) + plc(Fiyq) = ged(le(r), le(Fiyy)) = le(@) . If we already have
ged(le(ry), cont (141 (%)) = cont(r;(x)) and cont(r41(x)) = le(Fiy1), then we have lc(7;) =
cont(r;(x)).

When i = [, this is a trivial result because lc(7;) = 7;(x) = cont(r;(x)). So we know lc(ri_;) =
cont(r_1(x)),lc(Fi_3) = cont(r_5(x)), ..., and so on. Thus, if gcd(lc(r;), cont(r;;1(x))) =
cont(ri(x)) fori <1—1,thenlc(r) = cont(ri (x)).

For the second part, according to the assumption, ged(lc(r;), cont(ri41(x))) = cont(r;(x)),
then cont(r;(x))|cont(r;41(x)). Also 7;(x) = PYr;(x) + pFip, (X)x%, so cont(r;(x))|7(x) .
Dueto lc(7;) = cont(ri(x)), we know that lc(7;) = cont(ri(x))h’i(x), foro<i<l

Lemma 5. Let ry(x),:-+,1;(x) be the polynomial remainder sequence obtained in improved
resultant algorithm. Then gcd(lc(r;), cont(ri41(x))) = cont(r;(x)).
Proof. We prove this lemma by inductiononi,i =1, ...,1 — 1.

First, suppose that H is the Hermite Normal Form of the ideal lattice £ generated by g(x) €
Z[x]/{f (x)), and r;(x) belongs to £. Denote e _ g y; and d; = n — n;, here H;(x) is the

lc(Hn_ni)

corresponding polynomial of the i-th row, then r;(x) = y;Hg,(x) +Z§-:i+1Ai,j(x) Hy (x),
where deg(Al,]) <n;— n;.

12
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From Lemma 4, lc (Hy,) |Ha,(x), for i <j < 1. So lc(Hg,)|cont(r;(x)). Because r;(x) =
t;(x)g(x)modf (x) belongs to £ and t;(x) is primitive, then gcd(y;, 4; ;+1(x), ..., 4;;(x)) = 1,

: . ri(x) te(Hay) :
thus there exists some i<k <1, cont = gcd(y;, ), which means that
lC(Hdi) lC(Hdi)
cont(r;(x)) = ged(le(ry), lc(Hg,)). So every content of r;(x) must be a factor of H,,. Specially,
we have cont(r;_1(x)) = lc(F;_1), which shows that the result holds for i = 1 — 1.

Now assume that for i >k, we have ged(lc(ry), cont(r11(x)) = cont(r;(x)). Then from
Lemma 3, we have lc(7;) = cont(ri (x)).

Next we consider k — 1, from the Algorithm 2, gcd(lc(r%—1), lc(7)) = lc(7—1). Then because
le(7;) = cont(r;(x)) for i = k, ged(le(ry_y), cont(r(x))) = le(Fi_1). SO we need to show
le(F—1) = cont(rk_l(x)).

First, cont(r_,(x))|lc(ri_1) and according to the Lemma 3, cont(r,_4(x))|cont(# (x)), so
cont(r_1(x))|ged(le(ry_y), cont(r (x))) = lc(F—y) . We  suppose lc(f_q) =a-
cont(r,_1(x)) for a prime a. According to Lemma 4, lc(7;) = cont(r;(x)) = cont(7;(x)) for
i >k, so we have cont(r_(x))|cont(Fi_,(x)) . Also the step diminishes the leading
coefficient and lc(Fy_1)|lc(ry_1), then cont(Fi_1(x)) < cont(ri_1(x)). So cont(r_,(x)) =
cont(7y_1(x)).

Consider thek-th equation in improved subresultant algorithm,
ayTk—2(x) = @ (O1—1(x) + Breric ()
here ay = le(re_)%k—2+1 Because a - cont(r_1(x))|lc(ri_1) and a-

Cont(rk_l(x))|C0nt(rk(x)) , we know that a'(COnt(T‘k—l(x)))gk_ZH

cont(ry_1(x))|r(x) , which means, if we divide the equation above by u=a-

Skptl
(cont(rk_l(x))) T cont(re_,(x)), then “kaIIZ(x)and B "Tp’:(x) both belong to Z[x], while

e and a-

%’Hm doesn't. This is a contradiction. So the proof is completed.

Using the results above, we realize that lc(t;) is related to z; which is the unknown. We tried
some equations and found the following equation,

le(ri- _
gcd(lc(ti),lc(fi_l)) = gcd (lzgi_g'lc(n_l)>

fori =0,1,2,---,.Also in our experiments, the conjecture hold with extremely high probability.

4. A NEW ALGORITHM FOR COMPUTATION OF POLYNOMIAL GREATEST
COMMON

In this section, we give a probabilistic subresultant algorithm by applying the results in the last

section. We need to emphasis that the algorithm is not deterministic yet. The detail of the
algorithm is present as following.
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Algorithm 3 Probabilistic Subresultant Algorithm

Input: two polynomials f(x), g(x) € Z[x] with degree n and m respectively and f(x) is monic and
irreducible
Output: Probabilistic subresultant PRS, 1, (x), 7 (x), -
L[Initialize]l « h « 1,u;(x) « f(x),u(x) « gx),i< 1
2.Compute Ic(u,)%+ u, (x) — q(x)u,(x) = r(x), here deg(r) < deg(u,), § = deg(u,) — deg(u,)
Bu(x) « uy(x), uy (%) < up(x), up (x) < r(x)
4.When deg(u,) # 0,
411« lc(uy), h « 15h1—8
4.2 7 « ged(h, cont(u,(x))), T « ged(lc(w)/cont(u(x)), cont(u(x)))
431« /7, 1,(x) « r(x)/(h%7T)
446 =deg(u,) —deg(u,)
4.5 Compute lc(u,)%* u, (x) — q(x)uy(x) = r(x), deg(r) < deg(u,), § = deg(u,) — deg(u,)
46 u(x) « up (%), uy (%) « up (%), up(x) « r(x)/(Ih?)
A47i<i+ 1
5.[Return] ry (x), 1, (%), -+

For the often-used polynomials in ideal lattice-based cryptography x™ + 1 and x™ — x — 1, here
n is a power of 2, we give the experiment results. For each polynomial, we sample 10000
examples randomly with coefficients in the range [-20,20] and the correctness is present below.

Polynomial x"+1 x"—x-—-1
Correctness 97.88% 99.73%

5. CONCLUSIONS

In this paper, we give some results about the contents and small factors of remainders during
Euclidean algorithm of polynomials. By applying these results, we proposed a probabilistic
subresultant which can output correct remainders with high probability.

Due to the case of failure, the next research will be focus on the exact expression of each 7; and
relation between Ic(t;) and cont(rj(x)) to obtain a determinisitic improved subresultant
algorithm.
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