Applied Mathematics and Sciences: An International Journal (MathSJ ), Vol. 2, No. 1, March 2015

CUBIC RESPONSE SURFACE DESIGNS
USING BIBD IN FOUR DIMENSIONS

P.Seshu Babu,” A.V.Dattatreya Rao' , G.V.S.R. Anjaneyulu® and K.Srinivas®

!Department of Statistics, Acharya Nagarjuna University,
Guntur- 522 510.(A.P),INDIA.
’Department of Science & Humanities, Sri Vasavi Institute of Engineering &
Technology, Nandamuru, Padana Mandal, Krishna District — 521 369 (A.P), INDIA.
® Department of Statistics, Andhra Loyola College, Vijayawada-520008.

ABSTRACT

Response Surface Methodology (RSM) has applications in Chemical, Physical, Meteorological,
Industrial and Biological fields. The estimation of slope response surface occurs frequently in practical
situations for the experimenter. The rates of change of the response surface, like rates of change in the
yield of crop to various fertilizers, to estimate the rates of change in chemical experiments etc. are of
interest. If the fit of second order response is inadequate for the design points, we continue the
experiment so as to fit a third order response surface. Higher order response surface designs are
sometimes needed in Industrial and Meteorological applications. Gardiner et al (1959) introduced third
order rotatable designs for exploring response surface. Anjaneyulu et al (1994-1995) constructed third
order slope rotatable designs using doubly balanced incomplete block designs. Anjaneyulu et al (2001)
introduced third order slope rotatable designs using central composite type design points. Seshu babu et
al (2011) studied modified construction of third order slope rotatable designs using central composite
designs. Seshu babu et al (2014) constructed TOSRD using BIBD. In view of wide applicability of third
order models in RSM and importance of slope rotatability, we introduce A Cubic Slope Rotatable Designs
Using BIBD in four dimensions.
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1. INTRODUCTION

Box and Hunter (1957) proved that a necessary and sufficient condition for a design of order d (d
=1, 2) to be rotatable is that the moments of the independent variable be the same, through order
2d, as those of a spherical distribution or that these moments be invariant under a rotation around
its centre. Gardiner et al (1959) obtained some third order rotatable designs for two and three
factors. Draper (1960a, b) obtained some further third order rotatable designs in three and four
dimensions. Das (1961) also obtained some new Third Order Rotatable Designs (TORD) up to
eight factors. Das and Narasimham (1962) constructed TORD both sequential and non sequential,
up to fifteen factors, using Doubly Balanced Incomplete Block Designs (BIBD) and
complementary BIBD.
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Several authors diverted their attention from rotatability to slope rotatability. Hader and Park
(1978) introduced slope rotatability for central composite type. Victor Babu and Narasimham
(1990) studied Second Order Slope Rotatable Designs (SOSRD) in detail and suggested several
methods for construction of SOSRD. Anjaneyulu et al (1994-1995) studied construction of
TOSRD through Doubly BIBD. Anjaneyulu et al (2001) introduced and constructed TOSRD
using Central Composite Designs (CCD). Seshu babu et al (2011) studied modified construction
of TOSRD using CCD. Seshu babu et al (2014) constructed TOSRD using BIBD.

As the estimation of response surface occur frequently in practical situations for the experimenter.
The rates of change of the response surface, like rates of change in the yields of a crop to various
fertilizers, to estimate the rates of change in chemical experiments etc. Higher order response
surface designs needed in Chemical, Physical, Meteorological, Industrial and Biological fields. In

view of wide applicability of third order models in RSM and importance of slope rotatability we
introduce construction of TOSRD using BIBD.

2.1 THIRD ORDER SLOPE ROTATABLE DESIGNS
(c.f. Anjaneyulu et al (2001))

The general Th|rd Order Response surface IS

yix) = bu+Zb x; + ZZEJUX x;+ Zbux2+mex3+Zwaxx

1¢:_; iz j

ZZZEJUH: xjxp+e

i< j=

...(2.1)
where e’s are independent random errors with same mean zero and variance @ 2,

Let D=((xi,)), i=1,2,3,. . .,v; u=1,2,3,. . .,N be a set of N design points to fit the third order
response surface in(2.1).

Definition of TOSRD:

A general Third Order Response Surface Design D is said to be a Third Order Slope Rotatable
Design (TOSRD) if from this design D, the variance of the estimate of first order partial
derivative of y(x) with respect to each of independent variables (x;) is only a function of the
distance (dzzzlexf) of the point (X3,X2,Xs,...,xy) from the origin(center), i.e., a third order

[ oy 1
response surface designisa TOSRD if v | — | =f(d?); ¥ i=1,2,3,.. ...(2.2)
L 9%, |
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3.1 CONDITIONS FOR THIRD ORDER SLOPE ROTATABILITY
Symmetry Assumptions:
A: All sums of products in which at least one of the x’s with an odd power are zero.

B: (i) £x2 =N, =Constant
(ii) T x*=aN iy = Constant
(iii) ExE': bN . = Constant

(iv) Zx]x7=N % = Constant for i#j
(V) Zx7x; =cN &g = Constant for i #j
(vi) Zxfxfxf=N7%s =Constant  fori+j+#k ..(3.1)

For a design satisfying the above symmetry assumptions of the normal equations of (2.1)
reduce the following

Xy =Nby+ Ni,(byy +byy +byy +--+b,,)
=Nby+ By NA, where By = (byy +byy +bgg +-+b,,)

in}rzb:.z:cf + by, Xy +Z(bi}j2x‘x‘

= b;NA;+by; NA,+b, ;. N,l

Ex:-xjy =b X x? x}.
— b N,

in?}, = b, -|-fo + b fo’ + Z(bj}.foxf]

= bgNA+b;; @ NAy+b,; aNA+Z b N2,

i

Zx?}’: be+zx?+ biiizx?-l_Z(biijx;}x;

=b,NA,+b,,, b NA+X b. .. cNA,

iii

E — E E 4,2 2,2,.2
‘y=b; ) xlx]+ by ) xixl +by; ) xix?+by, ) xlxlx]

= biN,12+bm c NA, +b;; CN«:L +b:kk Nig

E 2 — E 2 E 4.2 E z2,.2.2
Xy x_;l.}?_ bz’ XX _;l_:l_;l zz_:l xz'x_;l' + b_;l'kk X x_;l' Ay

- b N.:l +b [ N“16+bii_;l' CN‘A’6+b_;|'kk N‘A’E

Jii

Zx:x}x ¥ = b Ex} P xp
=b, . N4, ...(3.2)

ijk
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By solving the above normal equations under the symmetry assumptions, we get,

b, =[(@t+v-1) A Zy- A, ZEx7y]/(NG)
g _Aslblctv—2)— -1} Exy  Adalc +v—-2) —c(v—1)}Exly

* NG, NG,
N ly(ac—b)Exxly N hy(v—2)(ac— b)LExx]y
NG, NG,

~_ L'y AA(a—1DZy-—Z(Zx]¥)(2—7y)

" (a—1)NA, (a — 1)N, &8
- _Zxy

1T T NA,
P —lefalc+v—2)—c(v —1)}Zxy + A dg(c+v—2)— ?vg (v — 1:123‘::'5}’

e NG, N2.5,

{chdg —ali}Zxxly  (v—2){ed,A, —ali} T xxly
NG, NAG,
byss
_ tglac—b) Lxy [c"lz"le — a?vi} Zxly
B NG, NA.8,
[Azlﬁ{b[c—k v—3)—c*(r—2)}—213{a*(c +v—3)— (v— 2)(2ac— b]}] inxf}r
* NA,(c— D)2,
(v—2){A,2,(b—c*) — 15(a® — 2ac + b)} XX xxly

a N (c—1)8,

— oxpx: xpy
bt_;lk :T (33)

where 6 =[(a+v— 1)k, —v23 |>0

8, = [otefblc+v—2)— v —1)}—-23{a®(c+v —2) — (2ac—b)(v—1)}] = 0
Now it follows that variance of estimate of any parameter, say b,_, is given by o* times
the coefficient of X x7y, in the solution &_. similarly, the covariance between any two
estimates say Cov(b,, E; ) is o * times of the coefficient of Z x”y, in the solution b, or

a® times the coefficient of X x7v in the solution E; . here & # is the error variance.

Applying the above principle we get the expressions for variances and covariances of b’s
are as follows
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(a+v—1)h, |
——0

(ko) = ~ N§ 2

V() = rg[blc+ v —Nzaji— (v — ] .

S e i)f% ) (fj 1_:];:':‘]45 2

v(5,) =3’

v(5,) = [Pphglc+ v :azja K-l

v(b,,) = [o7{b(c +v = 3) =2 (v — 2) Z(?—{ag(g 4+ v—3)—(2ac—b)(v— zj}]
V(i) = Nlr,,E_ o

Cov = (5o 5i)

Cov (b .b;) = ;ﬁ

Cov (B, ,B,;;) = %

Cov (5, 5,) = Malale+ .n_.ra? ~c(v-1)

Cov (5, 5,,) = —[c,l;,;j al]

Cov (bey; By ) = —[A A (b _;ajlj,eif Ea,l)— 2ac + b)]

...(3.9)

Other covariances are zero.

—|:V(b)+d *V (b,)+d*{V (b,)+2Cov(b, b )}+dV(b,) = f(d*) (3.

ijj ijj 1]

v
oX J 5)

V|
| oX
Slope Rotatability Conditions:

C: (i) V(B ) +2 Cov(by;; by ) —2V(by;) =0
= (c-3)d,=0 whered;#0
2 c=3
(i) {4V(b;)+6Cov (b . by)}=V(b;)+ 2Cov (b ,b;;)
21



Applied Mathematics and Sciences: An International Journal (MathSJ ), Vol. 2, No. 1, March 2015

=  8,[hg[v(5—a)—(a—3)*]+ ?;[v[a —5) +4]]

—8[2(a—1)A;[9a(v+ 1) —9(r—1)+3a—b]] =0

where §=[(a+v—1)h,—vi;]|>0

8, = [ohefblv +1)—9(v—1)} —ii{a®*(v+ 1) — (6a—b)(v—1)}]= 0

(iii) V(b,;) =9V(b,)

=  [hhdv(b—27)} -2 ey —6a(v —2) + b(v—2)—18(v—1)}] =0

(iv) V(by;)+3Cov(by.by)=0
= [k lv(b—9)}— 1i{a®v —6a(v—2) + b(v—2) —6a}] =0

Non-Singularity Conditions:

D:()s>0 =
Ao v
5 (a+v—1)
(iys, >0 =
hyleg - a*{(v +1) — (6a—b)(v— 1)}
" {blv+1)—-9(v—-1)}

where a,b,c, /.5, ., and 2 are constants and the summation is over the design points.

41 CUBIC SLOPE ROTATABLE DESIGNS USING BALANCED

INCOMPLETE BLOCK DESIGNS

...(3.5)

...(3.6)

Let (v, b, r, k, 1. ) denote a BIBD, 2'® denote a fractional replicate of 2 in +1 levels, in which no

interaction with less than five factors is confounded.

[1 - (v,b,r,k,X) ] denote the design points generated from the transpose of incidence matrix of
BIBD, [1- (v,b,r.k1) ] 2™ are the b2'® design points generated from BIBD by “multiplication” .
We choose additional unknown combinations (o, o, a, . . . , &) and multiply with 2 associate
combinations (or a suitable fraction of 2" associate combinations) to obtain 2 additional design
points. From these deign points generated through BIBD, we construct cubic designs using

BIBD.

The design points,[1- (v,b,r,kA) 120U (a0, a, a, . . ., @)2 give a v- dimensional third order

slope rotatable designs using BIBD in the total number of design points
N = p2'® + 2V (40
For these design points

(i) Zxf =2+ 20 =N1,
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(ii) TxF=2Wg*+r2'® =aN i,

(iii) T x& = 2Mab+ r2'® = pN 2,

(iv) Zxfxf=2Vo*+220=N17,

(v) Zafxi= 2Ma®+02'® =cN 2,

(vi) Zxfxfxi= 2V’ +(1-1) 20 =N,

..(4.2)

The design points satisfy all the symmetry assumptions (A) and (B) in (3.1). We solve the

equations C(i) to C(iv) in (3.5) subject to (3.6).

Example (4.1)

Construction of TOSRD in 4 dimensions using Balanced Incomplete Block Design,

consider the following design points

Thus we get N = b2'® + 2'™ = 48 design points.
The 48 design points are given below

1- (4,4,3,3,2) ] 2@

1
-1
-1

1

1

R R, P OO0OO0OO0O0OO0OO0OOo

LI ] 1
(L N

-1

[1- (44,332)12® U (a, a, 0,0 )2'@
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-1 0 -1 -1
0 1 1 1
0 -1 1 1
0 1 -1 1
0 1 1 -1
0 -1 -1 1
0 1 -1 -1
0 -1 1 -1
0 -1 -1 -1
(o, o, a,o )2t(4)

a a a o
-a a a o
a -o a o
a a -a o
a a a -a
-0 -a a o
a -o -o o
a a -a -a
-0 a a -a
a -a a -a
-0 a -o o
-0 -a -a o
a -0 -0 -0l
-0 a -a -al
-0 -0 o -0l
-0 -a -a - o

For the above design points we have

(i) Tx2=160°+24=N 7,

(i) Zxf=160"+24= aN %,

(iii) Zxf=160"+24=bN 7,

(iv) Zx7x?=160"+16 =N 7,

(v) Zxfxf= 160+ 16 =cN %,

(Vi) Zxfxfxi= 160° =N7g .(43)

By solving the TOSRD conditions C(i) to C(iv) of (3.5) using (4.3), we get
a =0.8908971814

From (i),(iv) and (vi) of (4.3) we will get #.,, /., and 2.
7.,=0.76456684199, 7., = 0.54332017498 and #..=0.16666666667

From (ii,iv), (iii,vi) and (v,vi) of (4.3) we have a, band c
a=1.30675589522, b =4 and c = 3.
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It can be verified that non-singularity conditions (i) and (ii) of (3.6) is satisfied.
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