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ABSTRACT

The study of this paper suggests on dependency problem in fuzzy computational method by using the
numerical solution of Fuzzy differential equations(FDEs) in Milne’s predictor-corrector method. This
method is adopted to solve the dependency problem in fuzzy computation. We solve some fuzzy initial value
problems to illustrate the theory.
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1. INTRODUCTION

Fuzzy Differential Equations (FDEs) are used in modeling problems in science and engineering.
Most of the problems in science and engineering require the solutions of FDEs which are satisfied
by fuzzy initial conditions, therefore a Fuzzy Initial Value Problem(FIVP) occurs and should be
solved. Fuzzy set was first introduced by Zadeh[22]. Since then, the theory has been developed
and it is now emerged as an independent branch of Applied Mathematics. The elementary fuzzy
calculus based on the extension principle was studied by Dubois and Prade [14]. Seikkala[21] and
Kaleva[16] have discussed FIVP. Buckley and Feuring[13] compared the solutions of FIVPs
which where obtained using different derivatives. The numerical solutions of FIVP by Euler's
method was studied by Ma et al.[18]. Abbasbandy and Allviranloo [1, 2] proposed the Taylor
method and the fourth order Runge-Kutta method for solving FIVPs. Palligkinis et al.[20] applied
the Runge-Kutta method for more general problems and proved the convergence for n-stage
Runge-Kutta method. Allahviranloo et. al.[8] and Barnabas Bed [10] to solve the numerical
solution of FDEs by predictor-corrector method. The dependency problem in fuzzy computation
was discussed by Ahmad and Hasan[4] and they used Euler's method based on Zadeh's extension
principle for finding the numerical solution of FIVPs. Omar and Hasan[7] adopted the same
computation method to derive the fourth order Runge-Kutta method for FIVP. Latterly Ahmad
and Hasan[4] investigate the dependency problem in fuzzy computation based on Zadeh
extension principle. In this paper we study the dependency problem in fuzzy computations by
using Milne's predictor-corrector method.
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2. PRELIMINARY CONCEPTS

In this section, we give some basic definitions.

Definition 2.1 Subset A of a universal set Y is said to be a fuzzy set if a membership function
na(y) takes each object in Y onto the interval [0,1]. The function p(y) is the possibility degrees
to which each object is compatible with the properties that characterized the group.

A fuzzy set A €Y can also be presented as a set of ordered pairs

1= {(y,1a) : y e}, M

The support, the core and the height of A are respectively

supp(A) = {ye¥:y > uz(}, @)
core(A) = {y e YV:uz(y) = 1}, 3)
hgt(A) = Super“A(}’)- 4)

Definition 2.2 A fuzzy number is a convex fuzzy subset A of R, for which the following
conditions are satisfied:

(i) 4 is normalized. i.e. hgt(A~) =1,
(ii) pz(y) are upper semicontinuous;
(iii) {y € R: uz(y) = a} are compact sets for 0 < @ < 1, and

(iv){y e R:uz(y) = a} are also compact sets for 0 < a < 1.

Definition 2.3 It F(R) is the set of all fuzzy numbers, and A € F(R), we can characterize A by
its a-levels by the following closed-bounded intervals:

[A]* ={yeR:uz(y) = a} = [af,a3], O<a<l (5)
[A]1% ={yeR:uz(y) = a} = [af,af], O<ac<i (6)

Operations on fuzzy numbers can be described as follows: If A, B € F(R), then for 0 < a1

1 [A+ E] [af + bf, af + bY];

2. [A-B] % = [af - b, af - bS];

3. [4- B]a [min{af - b7, af - b§ ,a - bf, a$ - b5}, max{a{ - by, af - bg ,af - b, a5 -
b3}1;

4. [g]a = [min{a—% o ﬁ,ﬁ},max {ﬂ 9 ay ﬂ}] here 0 ¢ [B] ¢

1 _bf by b by by’ b5’ by’ by
5. [sA] * = s[A] * where s is scalar and

6. [ a‘f",ag"] = [ afj,agj] for0 < a; < a;.

Definition 2.4 A fuzzy process is a mapping y:1 — F(R), where I is a real interval [17]. This
process can be denoted as:

[Y(®1* = [y ), y3 ()], tel and O0<a<l1, (N
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The fuzzy derivative of a fuzzy process x(¢) is defined by
F(®1* = [y (©), 5 ®)], tel and O<a<l ®)

Definition 2.5 Triangular fuzzy number are those fuzzy sets in F(R) in which are characterized
by an ordered triple (y[,yc,yr)e R® with y' <y <y suchthat [U] = [yl,yr]and

U] = [y“ ]then

Wl =y --aly -y )y +-a)ly - )L ©)
forany o€ R

3. Fuzzy INITIAL VALUE PROBLEM

The FIVP can be considered as follows

dy(t S
D0 fey0)  ¥0=F, (10)
Where f:R, X R = R is a continuous mapping and ¥, € F(R) with a-level interval

[Fol® = [¥61, Y02l 0<as<l (1)

When y = y(t) is a fuzzy number, the extension principle of Zadeh leads to the
following definition:

fEN(s) =suply@) : s=f(t, 1)}, s€ER (12)
It follows that
%{ll(lte.rz(t))]“ = [f* (&, y(®), £ (&, y ()], 0<a<1, (13)
fEy©) =min{f(t,w) : welyf (0, y7(O)]}, 0<a<l1 (14)
f2 (6 y@) = max{f(t,w) : wely(©),y5 (O}, 0<a<l (15)

Theorem 3.1 Let f satisfy

lf(t,y) = ft,y)<gtly—y*D, t=0 v,y ER (16)

Where g: R, X R, = R, is a continuous mapping such that r = g(t,r) is non decreasing, the
IVP

z'(6) = g(t,z(1), z(0) = z,, (17)
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Has a solution on R, for zy > 0 and that z(t) = 0 is the only solution of equation (17) for zy =
0. Then the FIVP (10) has a unique fuzzy solution.

Proof .See [17]

In the fuzzy computation, the dependency problem arises when we apply the straightforward

fuzzy interval arithmetic and Zadeh's extension principle by computing the interval separately.
For the dependency problem we refer [7].

4. THE MILNE’S PREDICTOR-CORRECTOR METHOD IN DEPENDENCY
PROBLEM

We consider the IVP in equation (10) but with crisp initial condition y(ty) = y, € R and
t € [to, T]. The formula for Milne’s predictor-corrector method is follows:

4h
yr+1,P = yr73 +?[2f(tr’ yr)_f(trfl’ yr71)+2f(tr72’ yr72)]’

Ve = Yra +%[f(trl’ )’(tH ))+4f(tr’ )’(tr ))+ f(tm’ yr+1,P(tr+1 ))]v (18)

y(tr—S) = yr—3’ y(tr—Z) = yr—2’ y(tr—l) = yr—l’ y(tr) = yr’

T—t

Where h = TO =t,,,—t,, r=0,,...,N. We consider the right-hand side of equation (18),

we modify the Milne’s predictor-corrector method by using dependency problem in fuzzy
computation as one function

Vi) = 5000+ 5 U0 D476 £t )b a9
By the equivalent formula

[t ) +470.50)
i +f(tr+1,y,_3 +%[2f(r,,y,)—f(r,_l,y,_1)+2f(r,_2,y,_z)]J .

Now, let ¥ € F(R), the formula

_ - %), if vr € v);
V(tr, h, Yr)(vr) _ {Supyrev 1(tphvy) ), if vr € range(V) 1)

0, if v, & range(V),

Can extend equation (20) in the fuzzy setting.

Let [V,]¢ = [yﬁfl, yﬁfz] represent the a-level of the fuzzy number defined in equation (21). We
rewrite equation (21) using the a-level as follows:
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V(ty, h [Y,]%) = [min{t,, b, y|y € y21,v%,}, max{t,, hy|y € y&, v} (22)

By applying equation (22) in (18) we get

[Yr+1]a = [yg+1,1:yg+1,2]: (23)
Where
Viv11 = min{V(tr, h,y) |y € [yr1, J’gz]}' (24)
Va2 = max{V (& h,Y)|y € [y71, yia1} (25)
Therefore
a . h o o
yr+1,1 :ml‘{y(trl)+3 [f(trfl’y(tr—l )) +4f(tr’y(tr )) +f(tr+1’yr+l,P(tr+1 ))”ye [yr,l’yr,Z ]}’ (26)
(24 h o o
yr+1,2 :ma{y(trl ) +§ [f(trfl ’ y(tr—l ))+4f(tr ’ .Y(tr ))+f(tr+1 i yr+1,P(tr+1 ))] ‘ ye [yr,l ’ yr,Z]}’ (27)

By using the computational method proposed in [5], we compute the minimum and
maximum in equations (26), (27) as follows

ai _ . . . .
X = min min  V(t, h,x), -, min  V(t,hx),---, min V(t h,x)
r+11 Le x:l’il,x;x’il“] xe xﬁ’f,xﬁ?“ xe xf'izﬂ, ?lz
(28)
a;
xr+1,2
= max max. V(t, h x), -, max V(t,hx),-, max V(t, h,x)|(29)
e[| xe[xn s cefertti g
5. NUMERICAL EXAMPLES

In this section, we present some numerical examples including linear and nonlinear FIVPs.

Example 5.1 Consider the following FIVP.

x'(t) = x(1 - 2¢t), t € [0,2];
~0 0, ; %f w < —0.5; (30)
X°(w) =41 —4w?, if —05<w<0.5;
0, if w>0.5;
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The exact solution of equation (30) is given by

[X(oyl=[(—iggﬁ)eb¢i(1§?§)e“¢1. 31)

The absolute results of the numerical fuzzy Milne's predictor-corrector method approximated
solutions at #,, =2. See Table 1 and Figure 1 and 2.

TABLE 1

The error of the obtained results with the exact solution at t=2.

o PC MPC Exact Error PC Error MPC
Approximation Approximation
xo(ti @) | xaltisa) xaltsa)] xaltsa) xa(taa) xaltia) xa(tsa)] xaltia)] xalta @) xaltia)
- LT 25 .
00 | 00676 | 00676 | 00677 0.0677 | 0.0677| 0.0677 f'D‘E 8.05e-5 5"‘3E 23326
T 63e- 240e-
0.1 | -0.0641 [0.0641 | -0.0642 | 0.0642 | -0.0642 | 0.0642 | _ * | 7.63e-5 s * | 2.40e6
i j j _ _ _ | -720e- | _ [ 226e-
02 | -0.0605 |0.0605 | -0.0605| 0.0605 | -0.0605| 0.0605 | _ 7.20e-5 s 226e6
6.73e- 2.11e-
03 | -0.0365 [0.0365 | -0.0366 | 0.0566 | -0.0366 [ 0.0366 | _ ¥ | 673e5 s 21106
623 _106e-
04 | 003524 (00524 | 00524 | 0.0524 | -0.0524 | 0.0524 f' 3e 623e-3 51 s6e 1.96e-6
-5 60e- 1.70e-
0.5 | -0.0478 [0.0478 | -0.0479 | 0.0470 | 0.0478 | 0.0478 | _ = | 5693 s ¥ 17926
-5.00e- -1.60e-
0.6 | -0.0427 [0.0427 | -0.0428 | 0.0428 | -0.0428 0.0428 | _ = | 5.00e5 s # | 160e6
4 47e- 138e-
0.7 | -00370 [0.0370 | -0.0371 | 0.0371 | -0.0371 [ 0.0371 | _ * | 1415 6 # | 138:6
-3.60e- -1.13e-
08 |-0.0302 [0.0302 | -0.0303 | 0.0303 | -0.0303 [ 0.0303 | _ ¥ | 3.60e-5 6 | 11306
2 54e- 8.00e-
09 |-0.0214 (00214 | -0.0214 | 0.0214 | 00214 0.0214 | _ 7| 25465 - * | 8.00e-7
0.0000 | 0.0000 | 00000 | 0.0000
1.0 | 0.0000 |0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 9 0 0 0

Figure 1: The approximation of fuzzy solution by Milne's predictor-corrector (h=0.1)
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Figure 2: Comparison between the exact, Milne's predictor-corrector, predictor-corrector

In this example, the comparison of the absolute local error between Milne's predictor-corrector
method with the fuzzy exact solution is given in Table 1 for various values of & -level

a=0,0.1,...,0.9,1 and fixed value of h(tzo 22). The results shows that Milne's predictor-

corrector method is more accurate than predictor-corrector method shows the graphical
comparison of a fuzzy solution between exact, Milne's predictor-corrector, predictor-corrector at

fixed h(tlo = 1). The behaviour solutions of the end points of the fuzzy intervals of a fuzzy exact
solution, Milne's predictor-corrector and predictor-corrector fuzzy approximated solutions are
plotted and compared in Figure 2 at @, =0. Figure 2 clearly show that Milne's predictor-
corrector provides a more accurate results than predictor-corrector method.

Example 5.2 Consider the following FIVP

x'(t) = x(t? — 4t + 3), t € [0,2];
0, if w<-0.5; (32)
XOw) ={1—4w?, if —0.5<w<0.5;
0, if w>0.5;
The exact solution of equation (32) is given by
[X(0)]* = _ V-9 e;—3—2t2+3t’ J(1-a) e§—2t2+3t _ (33)
2 2

The absolute results of the numerical fuzzy Milne's predictor-corrector method approximated
solutions at #,, = 2.See Table 2 and Figure 3 and 4.
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TABLE 2

The error of the obtained results with the exact solution at t=2.

FC MPC Exact Error PC Error MPC
o | Approximation Approximation
a0t o) alena] a0t a] x(tna)| x (e o] xo(es el 200 o] 20t a] x.0t0 o] 2.0t ]
- - - - - - R 1.33s- - 3.70e-
0.0 | -0.9740 | 0.9740 0.9738 0.9738 0.9739 0.9739 l.lh 4 i BES 5
0.1 [ -0.9240 | 09240 |  gaag | 09239 | | 09239 | 1.26s- | 1265 | 3510 | 371
’ e o 08239 "7 09239 777 T4 PR ]
. I . - - - . .| L1%e : L | 331e
0.2 -0.8712 | 0.8712 0.8710 0.8710 08711 0.8711 l_l? 4 2.31- 5
03|-08149| 08149 | - 08148 | ; 0.8148 1 1l= il B 1d=. 310e-
- : : 08148 [ & 08148 [ & . 4 : 5
N N i . - 1.03= 2.87e-
- 3 a. 2 B7a-
0.4 | 0735 07343 07543 0.7543 07544 0.734 l.[l}_ 4 z 87s 5
- - - - - . 94le- |, ., 1.62s-
0.5 | -0.6887 | 0.6R87 0 6896 0.6885 06556 0.6886 3.41= 4 2 6la- 5
- cn | - I 842a | 234.-
0.6 | -0.6160 | 06160 06150 0.6159 06159 0.6159 5_4_-3 4 : EEE 5
0.7|-0.5335 | 0.5333 0.5334 | - 0.5334 | 730.. | 7295 | 3 g3 | 203
""""" 0.5334 T 0534 [ 777 _;r"' T4 |3
Y
LRI -
AN -
TR R |
W T
% AN
Ml,hnm.
04, g
2

Figure 3: The approximation of fuzzy solution by Milne's predictor-corrector (h=0.1)

I

05

xt) 20 )

72



Applied Mathematics and Sciences: An International Journal (MathSJ ), Vol. 1, No. 2, August 2014

- Bt
o PC
Milnes PC

I

- Exact
o PC
Milnes PC

E\\
' /// “ \
. . \
|

W
Alpha
°

0 02 o0¢ 06 08 1 12 14 16 18 2
t

Figure 4: Comparison between the exact, Milne's predictor-corrector, predictor-corrector

In this example, we compare the solution obtained by Milne's predictor-corrector method with the
exact solution and predictor-corrector. We have given the numerical values in Table 2 fixed value

of t,, =2.and for different values of .

6. CONCLUSION

In this paper we used the Milne's predictor-corrector method for solving FIVP by considering the
dependency problem in fuzzy computation. We compared the solutions obtained in two numerical
examples.
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