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ABSTRACT

For any intuitionistic multi-fuzzy set A = { < x, ts(x), Va(x) > : xeX} of an universe set X, we
study the set [A] i, p called the (05 B)—lower cut of A. It is the crisp multi-set { xeX : (x) < o,
vi(x) 2B, Vi } of X. In this paper, an attempt has been made to study some algebraic structure
of intuitionistic multi-anti fuzzy subgroups and their properties with the help of their (¢ [)-lower
cut sets.
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1. INTRODUCTION

After the introduction of the concept of fuzzy set by Zadeh [14] several researches were
conducted on the generalization of the notion of fuzzy set. The idea of Intuitionistic fuzzy set was
given by Krassimir.T.Atanassov [1]. An Intuitionistic Fuzzy set is characterized by two functions
expressing the degree of membership (belongingness) and the degree of non-membership (non-
belongingness) of elements of the universe to the IFS. Among the various notions of higher-order
fuzzy sets, Intuitionistic Fuzzy sets proposed by Atanassov provide a flexible framework to
explain uncertainity and vagueness. An element of a multi-fuzzy set can occur more than once
with possibly the same or different membership values. In this paper we study Intuitionistic
multi-anti fuzzy subgroup with the help of some properties of their (o, B)-lower cut sets. This
paper is an attempt to combine the two concepts: Intuitionistic Fuzzy sets and Multi-fuzzy sets
together by introducing two new concepts called Intuitionistic Multi-fuzzy sets and Intuitionistic
Multi-Anti fuzzy subgroups.
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2. PRELIMINARIES

In this section, we site the fundamental definitions that will be used in the sequel.
2.1 Definition [14]

Let X be a non-empty set. Then a fuzzy set u: X — [0,1].

2.2 Definition [9]

Let X be a non-empty set. A multi-fuzzy set A of X is defined as A = { < x, Ua(x) > : xeX }
where W = (Wi, Mo, W ), that is, Pa(X) = ((X), Ma(X), . M(x) ) and Wi: X — [0,1],
Vi=1,2,...,k. Here k is the finite dimension of A. Also note that, for all i, W;(x) is a decreasingly
ordered sequence of elements. That is, [;(x) 2 lUy(X) = | 2 W(Xx) ,Vxe X.

2.3 Definition [1]

Let X be a non-empty set. An Intuitionistic Fuzzy Set (IFS) A of X is an object of the form A =
{< x, Wx), V(x) > : xeX}, where L : X — [0, 1] and v : X — [0, 1] define the degree of
membership and the degree of non-membership of the element xe X respectively with 0 < u(x) +
v(x) £ 1, VxeX.

2.4 Remark [1]

(i) Every fuzzy set A on a non-empty set X is obviously an intuitionistic fuzzy set
having the form A = {< x, Wx), I-u(x) >: xe X}.

(ii))  In the definition 2.3, When ((x) + v(x) = 1, that is, when v(x) = 1-W(x) = u’(x), A is
called fuzzy set.

2.5 Definition [13]

Let A = {<x, Ha(X), Va(x) > xe X } where Ua(x) = (Wi(X), Ma(X), ... (X)) and Va(x) = (Vi(X),
Va(X), .. V(X)) such that O < (x) + vi(x) < 1, for all i, Vxe X. Here, [;(X)=W(x) = >Ww((x),
Vxe X. Thatis, W;'s are decreasingly ordered sequence. That is, 0 < ;(x) + vi(x) < 1,Vxe X, for
i=1, 2, ... , k. Then the set A is said to be an Intuitionistic Multi-Fuzzy Set (IMFS) with
dimension k of X.

2.6 Remark [13]

Note that since we arrange the membership sequence in decreasing order, the
corresponding non-membership sequence may not be in decreasing or increasing order.

2.7 Definition [13]

Let A={<x,Uax),Va(x)>:xeX } and B ={ <x, up(x), vg(x) >: xe X } be any two
IMFS’s having the same dimension k of X. Then
(i) A cB ifandonlyif pa(x)<up(x) and va(x) = vp(x) for all xe X.
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(ii)) A =B ifandonlyif pa(x)=p(x) and va(x)=Vvp(x) for all xe X.

(1) TA={<x, Vax), ua(x) > : xeX }

@iv) ANB={<x, (Ua~B)X), (Varp)(X)>:xeX }, where
(Marp)(x) = min{ pa(x), pp(x) } = (min{pia(x), wp(x)} )ie;  and
(Vane)(X) = max{ v(x), Ve(x) } = (max{Vvjs(x), vip(x)} )ki=1

v)  AuB={<x, Ha)X), (Vap)(X)>:xeX }, where
(Haus)(x) = max{ Ha(x), ue(x) } = (max{pia(x), pi(0)} )iz and
(Vaus)(x) = min{ VA(x), V(x) } = (min{via(x), Vis()} )iz

Here { Wia(x), Mis(x) } represents the corresponding i position membership values of A and B
respectively. Also { Vis(x), Vis(x) } represents the corresponding i™ position non-membership
values of A and B respectively.

2.8 Theorem [13]
For any three IMFS’s A, B and C , we have :
1. Commutative Law

AUB=BUA
ANB=BNA
2. Idempotent Law

AUA=A
ANA=A
3. De Morgan's Laws

“(AUB)=("AN—B)
“(ANB)=("AU—B)
4. Associative Law

AUBUC)=(AUB)UC
ANMBNC)=(ANB)NC
5. Distributive Law

AUBNC) =(AUB)NAUC)
ANBUC) =(ANB)UANC)

2.9 Definition

Let A={<x, Hax), va(x) >: xeX } be an IMFS and let a0 = (04,0, ... ,04)€ [0,1]k and B =
Bi.Ba ..., BOe[0,11°, where each a; , Bi [0,1] with 0 < o + B; < 1,Vi. Then (o, B)-lower cut of
A is the set of all x such that p(x) < o; with the corresponding vi(x) > B; ,Vi and is denoted by
[Al, p). Clearly itis a crisp multi-set.

2.10 Definition
Let A={<Xx, ua(x), va(x) >: xe€X } be an IMFS and let & = (0,0, ... ,04)€E [0,1]* and B=

37



Applied Mathematics and Sciences: An International Journal (MathSJ ), Vol. 1, No. 2, August 2014

(B1.Ba ... . B [0.11%, where each o; , Bie [0,1] with 0 < o; + B; < 1,Vi. Then strong (o, B)-lower
cut of A is the set of all x such that W(x) < o; with the corresponding vi(x) > ; ,Vi and is denoted
by [A]q, py=. Clearly it is also a crisp multi-set.

The following Theorem is an immediate consequence of the above definitions.
2.11 Theorem [13]

Let A and B are any two IMFS’s of dimension k drawn from a set X. Then A < B if and only if
Bl gy S [Alw ) for every a, Pe [0,1] with 0 <a; + B; <1 for all i.

2.12 Definition

An intuitionistic multi-fuzzy set ( In short IMFS) A = { < x, Ha(X), Va(x) > : x€G } of a group G
is said to be an intuitionistic multi-anti fuzzy subgroup of G ( In short IMAFSG ) if it satisfies
the following : For all x,ye G,

(i) Ma(Xy) < max {pa(X), Ha(¥)}
(i1) HAX ) = Ha(x)

(iii))  va(xy) 2 min {Va(X), Va(y)}
(v)  vax)=vax)

2.13 Definition

An intuitionistic multi-fuzzy set (In short IMFES) A = { < X, Ha(X), Vo(X) > : xeG } of a group G
is said to be an intuitionistic multi-anti fuzzy subgroup of G (In short IMAFSG) if it satisfies :

(i) pa(xy™) < max{pa(x), ta(y)} and
(i) va(xy™) = min{va(x), va(y)} ,Vx,yeG

2.13.1 Remark

(i) If A is an IFS of a group G, then we can not say about the complement of A,
because it is not an IFS of G.
(ii))  If Ais an IAFSG of a group G, then A°® is need not be an IFS of G.
(iii) A is an IMAFSG of a group G < each IFS { < x, gia(x), via(x) : xe G > }izlk is

an IAFSG of G.
(iv)  If A is an IMAFSG of a group G, then in general, we can not say A° is an IMFSG
of the group G.
2.14 Definition

An IMAFSG A = { <X, Ha(X), Va(X) > : xe G } of a group G is said to be an intuitionistic multi-
anti fuzzy normal subgroup ( In short IMAFNSG ) of G if it satisfies :

(i) Ma(xy)=pa(yx) and
(ii) Va(xy) = va(yx) , for all x,ye G
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2.15 Theorem

An intuitionistic multi-anti fuzzy subgroup (IMAFSG) A of a group G is said to be normal if it
satisfies :

(i) Pa(g'xg) = pa(x)  and

(i1) VA(g'lxg) =Va(x) , for all xe A and ge G
Proof Let xe A and ge G be any element.
Then pa(g'xg) = ta(g ' (x2)) = Ma((xg)g™), since A is normal.

= Ma(x(gg ")) = Ma(xe) = ua(x). Hence the proof (i).
Now, VA(g'lxg) = VA(g'l(xg)) = VA((xg)g'l) , since A is normal.
= VA(X(gg'l)) = Va(xe) = Va(x). Hence the proof (ii).

2.16 Definition

Let (G, .) be a groupoid and A, B be any two IMFS’s having same dimension k of G. Then the
product of A and B is denoted by A°B and it is defined as :

Vxe G, A°B(x) = ( Lap(X), Vap(X) ) where
ax [min{pa(y), Us(2)}: yz=x , Vy,ze G]
Uap(X) =

0,=(0, 0, ... , k times) , if x is not expressible as x=yz and

min [max{Va(y), vg(z) }:yz=x , Vy,ze G]

Vaes(X) =
L=(1, 1, ..., k times) , if x is not expressible as x=yz

That is, Vxe G,
max[min{p(y), Us(z) }:yz=x,Vy,ze G|, min[max {VA(y), Vs(z) }:yz=x,Vy,ze G] )

(
A°B(x) =
(O, 1y), if x is not expressible as x=yz

That is, Vxe G,

ax[min{a(y).ip(2) }:yz=x,Vy.ze G],min[max{Vir(y).Vis(2) } :yz=x,Vy,ze G])".,
A°B(x) =
0,

1) ,if x is not expressible as x=yz where (0,1),=((0,1), (0,1), ... , k times)
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2.17 Definition

Let X and Y be any two non-empty sets and f : X — Y be a mapping. Let A and B be any two
IMFS’s having same dimension k, of X and Y respectively. Then the image of A(cX) under the
map f is denoted by f(A) and it is defined as :

VyeY, f(A)Y) = (Hra(y)s Via(y) ) where

max{pa(x) : xef(y)}

Mea)(y) =
0y , otherwise and

min{v,(x) : xe f'(y)}

Via(y) =
1y , otherwise

(fax{pa(x) : xef'(y)}, min{via(x) : xef'(y)} )"
That is, f(A)(y) =
(0,1) , otherwise where (0,1),=( (0,1), (0,1), ... , k times )

Also, the pre-image of B(CY) under the map f is denoted by f '(B) and it is defined as :
vxeX, £'(B)(x) = (us(f(x)), va(f(x)))

3. PROPERTIES OF (o, ) -LOWER CUT OF INTUITIONISTIC
MULTI-FUZZY SET

In this section we shall prove some theorems on intuitionistic multi-anti fuzzy subgroups of a
group G with the help of their (o, B) —lower cuts.

3.1 Proposition

If A and B are any two IMFS’s of a universal set X, then their (o, B) —lower cuts satisfies the
following :
(i) [Alep) S[Alseif *<dand =6
(i) A < B implies [Blw, p) S [Alw.p)
(iii) [AMBlw.p= [Alwp M [Blwp
(iv) [AUBJa,p) < [Alw p) Y [Bl py (Here equality holds if oy + =1, Vi)
V) [MAi T py= N [Ai 1. p) sWhere o, B, 3, 8€[0,1]*

3.2 Proposition

Let (G, .) be a groupoid and A, B be any two IMFS’s of G. Then we have [A°B], ), = [Alq p)
[Bl, p) Where o, Be [0,11%.

3.3 Theorem
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If A is an intuitionistic multi-anti fuzzy subgroup of a group G and o, Be[0,1]*, then the (o, B)-
lower cut of A, [A]q, p is a subgroup of G, where pa(e) <o, va(e) =P and ‘e’ is the identity
element of G.

Proof since pa(e) <o and va(e) 2P, e€[Alwq, p) . Therefore, [Al, p) # 0.
Let X,y€ [Alq,p) . Then pa(x) S o, Va(x) 2B and pa(y) < o, valy) = B.
Then Vi, pia(x) <o, Via(x) 2 B; and pia(y) < o, vialy) =B .
= max{Wa(x), Lia(y)} £ 0 and min{vis(x), Via(y)} 2 Bi ,Vieeerrenennnnn. (1)
= wia(xy™) € max{pia(x), fia(y)} € o and via(xy™) = min{vis(x), Via(y)} = B ,Vi, since
A is an intuitionistic multi-anti fuzzy subgroup of a group G and by (1).
= Wa(xy") < o and via(xy™') = B; Vi
= pa(xy) <o and va(xy') 2P
= xy'e[Alwp)
= [A]q, p) is a subgroup of G.
Hence the Theorem.

3.4 Theorem

The IMFS A is an intuitionistic multi-anti fuzzy subgroup of a group G < each (a,)-lower cut
[Al . p) is a subgroup of G, V o, Be [0, 1]*.

Proof From the above Theorem 3.3, it is clear.

3.5 Theorem

If A is an intuitionistic multi-anti fuzzy normal subgroup of a group G and o, Be[0, 1]*, then
(o,B)-lower cut [A], gy is a normal subgroup of G, where pa(e) <o , va(e) > B and ‘e’ is the
identity element of G.

Proof Let xe[A] p)and ge G. Then pa(x) < o and va(x) = .
That is, Pia(X) < o and Via(x) 2B Vi .......... (1
Since A is an intuitionistic multi-anti fuzzy normal subgroup of G,

Hia(g'xg) = Wia(x) and via(g'xg) = Via(x), Vi.
= Mia(g ' Xg) = Wia(x) < 0 and Via(g 'xg) = Via(x) 2 i , Vi, by using(1).
= ia(g'xg) <0y and Via(g'xg) 2 B Vi
= pa(g'xg) < and vA(g'xg) > B
= g'xge [Alw p)
= [A](q, ) 1S @ normal subgroup of G.

Hence the Theorem.

3.6 Theorem

If A is an intuitionistic multi-fuzzy subset of a group G, then A 1is an
intuitionistic multi-anti fuzzy subgroup of G < each (o, B)-lower cut [A], p) is a subgroup of
G ,for all o, B [0,17* with o + B; < 1, Vi.
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Proof = Let A be an intuitionistic multi-anti fuzzy subgroup of a group G. Then by the
Theorem 3.4, each (o, B)-lower cut [A], p) is a subgroup of G for all o, Be [0,1]% with o; + Bi <
1, Vi.

< Conversely, let A be an intuitionistic multi-fuzzy subset of a group G such that each

(o, B)-lower cut [A]q, p) is a subgroup of G for all o, Be [0,1]% with o + Bi<1, Vi

To prove that A is an intuitionistic multi-anti fuzzy subgroup of G, we prove :

(i) BaGxy) < max{pa(x), Ha(y)} and Va(xy) = min{va(x), Va(y)} for all x,ye G
(i) ta(X) = pa(0) and Va(x") = Va(x)

For proof (i): Let x,ye G and for all i,
let 05 = max{pWia(x), Wia(y)} and ;= min{via(x), via(y) }-
Then Vi, we have [ia(X) < 0, Wa(y) < o and via(x) = Bi, via(y) = B
That is, Vi, we have ia(x) <04, Via(x) 2 B; and Wia(y) < o4, via(y) = B;
Then we have Ua(x) S o, Va(x) 2B and pa(y) o, Va(y) =B
That is, x& [A](q, gy and ye [A](q, p)
Therefore, xye [A], p)» since each (o, B)-lower cut [A]q, g is a subgroup by hypothesis.

Therefore, Vi, we have Wia(xy) < o= max{a(x), lia(y)} and
Via(xy) 2 Bi= min{Via(x), Via(y) }.

That is, Ha(xy) < max{pa(x), La(y)} and va(xy) = min{v,(x), Va(y)} and hence (i).
For proof (ii): Let xe G and Vi, let W;a(x) = o and vis(X) = B; .

Then pia(x) £ o; and Via(x) > B; is true Vi.

Therefore, pa(x) < o and va(x) >

Therefore, xe [A], p) -

Since each (o, B)-lower cut [A], p) is a subgroup of G for all a, Be [0,1]* and xe [Alw, B
,we have

x'€[Alp Wwhich implies that wia(x") < o5 and via(x") > B; is true Vi.
= p,tiA(x’l) < uia(x) and Via(x ) 2 via(x) is true Vi.

Thus, Vi, ia(x)= Wia((x")™") < wia(x™") < wia(x) which implies that pia(x™") = pia(x) ,Vi
and hence j,LA(x'l) = Ua(X).
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And Vi, Via(X)= Via((x)™) = via(x™") = via(x) which implies that via(x™") = Via(x) ,Vi and
hence Va(x™") = VA(X).

Hence A is an intuitionistic multi-anti fuzzy subgroup of G and hence the Theorem.

3.7 Theorem

If A and B are any two intuitionistic multi-anti fuzzy subgroups (IMAFSG’s) of a group
G, then (AUB) is an intuitionistic multi-anti fuzzy subgroup of G.
Proof since A and B are IMAFSG’s of G, we have Vx,ye G,

() paxy") < max{pa(x), fa(y)} and va(xy™) = min{Va(x), Va(y)}
(i)  ue(xy') < max{ua(x), Ma(y)} and va(xy ') = min{vg(x), Va(y)} ....... (D

Now AUB = { <X, Haus(X), Vaup(X) > : xe G } where Uap(X) = max{ Ua(x), Up(x) } and
Vaue(X) = min { Va(X), vVa(x) }.

Then pacs(xy ') = max{ pa(xy™), pe(xy) }
< max{ max{{a(x), Ua(y)}, max{us(x), us(y)} }, by using (1)
=max{ max{Ua(x), Us(x)}, max{ua(y), Ls(y)} }
= max{ Has(X), Uaus(Y) }

and Vaop(xy ') =min{ va(xy™), ve(xy ) }
> min{ min{VA(x), Va(y)}, min{vg(x), Vg(y)} } , by using (1)
=min{ min{va(x), ve(x)}, min{va(y), va(y)} }
=min{ Vaus(X), Vaus(y) }

That is, uAuB(Xy_l) < max{ Maus(X), Maus(y) } and VAUB(Xy_l) 2 min{ Vaup(X), Vaus(y) },
vx,yeG.

Hence (AUB) is an intuitionistic multi-anti fuzzy subgroup of G.

Hence the Theorem.

3.8 Theorem

The intersection of any two IMAFSG’s of a group G need not be an IMAFSG of G.

Proof Consider the abelian group G = { e, a, b, ab } with usual multiplication such that a° = e =
b’and ab=ba. Let A ={ <e, (0.2,0.2), (0.7,0.8) >, <a, (0.5,0.5), (0.4,0.4) >, <b, (0.5,0.5),
(0.2,0.4) >, <ab, (0.4,0.5),(0.2,04)>} and B={<e, (0.3,0.1), (0.7,0.8) >, <a, (0.8, 0.4),
(0.2,0.6) >, <b, (0.6, 0.4), (0.4,0.5) >, <ab, (0.8,0.4), (0.2,0.5) >} be two IMFS’s having
dimension two of the group G. Clearly A and B are IMAFSG’s of G.

Then AmnB ={<e, (0.2,0.1),(0.7,0.8) >, <a, (0.5,04), (0.4,0.6) >, <b, (0.5,0.4), (0.4, 0.5)

>, <ab, (0.4,0.4), (0.2,0.5) > }. Here, it is easily verify that AnB is not an IMAFSG of G.
Hence the Theorem.
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3.9 Theorem

Let A and B be an IMAFSG’s of a group G. But it is an uncertain to verify that ANB is an
IMAFSG of G.

Proof This proof is done by the following two examples that are discussed in two cases : case(i)
and case(ii).

Case (i) : A and B are IMAFSG’s of a group G = AUB is an IMAFSG of G but AnB
is not an IMAFSG of the group G.

Consider the abelian group G = { e, a, b, ab } with usual multiplication such that a° = e =
b*and ab=ba. Let A= { <e, (0.2,0.2), (0.7,0.8) >, <a, (0.5,0.5), (0.4,0.4) >, <b, (0.5,0.5),
(0.2,0.4) >, <ab, (0.4,0.5),(0.2,04)>}and B={ <e, (0.3,0.1), (0.7, 0.8) >, <a, (0.8, 0.4),
(0.2,0.6) >, <b, (0.6, 0.4), (0.4,0.5) >, <ab, (0.8,0.4), (0.2,0.5) >} be two IMFS’s having
dimension two of the group G. Clearly A and B are IMAFSG’s of G.

Then AUB = { <e, (0.3,0.2), (0.7,0.8) >, <a, (0.8, 0.5), (0.2,04) >, <b, (0.6,0.5), (0.2,0.4)
>, <ab, (0.8,0.5), (02,04)>} and AmB={<e, (0.2,0.1),(0.7,0.8) >, <a, (0.5,04), (04,
0.6) >, <b,(0.5,04), (0.4,0.5)>, <ab, (0.4,04), (0.2,0.5)> }.

Here, it is easily verify that AUB is an IMAFSG of G but AnB is not an IMAFSG of G.
Hence case (i).

Case (ii) : A and B are IMAFSG’s of a group G = both AUB and AnB are IMAFSG’s
of the group G.

Consider the abelian group G = { e, a, b, ab } with usual multiplication such that al=e=
b’andab=ba. Let A={<e, (0.2, 0.1),(0.8,0.8) >, <a, (0.5, 0.4), (0.4,0.6) >, <b, (0.5, 0.4),
(04,0.5) >, <ab,(0.5,04),(04,0.5)>} and B={<e, (0.3,0.2), (0.7,0.7) >, <a, (0.8, 0.5),
(0.2,0.4) >, <b, (0.6,0.5),(0.4,0.2) >, <ab, (0.8,0.4), (0.2, 0.2) > } be two IMFS’s having
dimension two of the group G. Clearly A and B are IMAFSG’s of G.

Then AUB = {<e, (0.3,0.2), (0.7,0.7) >, <a, (0.8,0.5), (0.2,0.4) >, <b, (0.6,0.5), (0.4,0.2)
>, <ab, (0.8,0.4),(0.2,0.2) >} and AnB ={<e, (0.2,0.1), (0.8, 0.8) >, <a, (0.5,0.4), (0.4,
0.6) >, <b, (0.5,04),(0.4,0.5) >, <ab, (0.5,0.4), (0.4,0.5) > }.

Here, it is easily to verify that both AUB and AnB are IMAFSG’s of G. Hence case (ii).
From case (i) and case (ii), clearly it is an uncertain to verify that AnB is an IMAFSG of G.
Hence the Theorem.

3.10 Theorem

Let A and B be any two IMAFSG’s of a group G. Then A°B is an IMAFSG of G & A°B=B-A

Proof Since A and B are IMAFSG’s of G, each (o, B)-lower cuts [A], ) and [B], p) are
subgroups of G, Vo,pe (0,11 with o + Bi< 1, Vi .o.ooeiiiinnn..l. (1)

Suppose A°B is an IMAFSG of G.
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& each (o, B)-lower cuts [A°B](q, p) are subgroups of G, Vo.,Be [0,17% with oy + B; < 1, Vi.

Now, from (1), [Al, p)[Bl, p) is a subgroup of G & [Al, p) [Bl, py = [Blo, py [Alw, p -Since if
H and K are any two subgroups of G, then HK is a subgroup of G & HK=KH.

& [ABlio )= [B°Al, p) » VLB [0,11° with o5 + Bi< 1, Vi.
& A°B = BeA

Hence the Theorem.
3.11 Theorem
If A is any IMAFSG of a group G, then AcA=A.
Proof Since A is an IMAFSG of a group G,
each (a, B)-lower cut [A], g is a subgroup of G, Vo,Be [0,1]% with o; + B;< 1, Vi.
= [Al, py[Alw, p) = [Al(a. p) » sSince H is a subgroup of G = HH = H.
= [AAlp) = [Alap) > Vo,Be 0,11 with o5 + B < 1, Vi.
= AA=A
Hence the Theorem.

4. INTUITIONISTIC MULTI-FUZZY COSETS

In this section we shall prove some theorems on intuitionistic multi-fuzzy cosets of a group
G.

4.1 Definition

Let G be a group and A be an IMAFSG of G. Let xeG be a fixed element. Then the set

XA = {( g @) Vial®)) : g6G } where (@) = Ra(x'g) and Via(g) = Va(x'g), Ve G is
called the intuitionistic multi-fuzzy left coset of G determined by A and x.

Similarly, the set Ax = { ( g Hax(8), Vax(g) ) : g6 G } where [ax(2) = pa(gx™") and Vau(g) =
va(gx™"),Vge G is called the intuitionistic multi-fuzzy right coset of G determined by A and x.

4.2 Remark

It is clear that if A is an intuitionistic multi-anti fuzzy normal subgroup of G, then the
intuitionistic multi-fuzzy left coset and the intuitionistic multi-fuzzy right coset of A on G
coincides and in this case, we simply call it as intuitionistic multi-fuzzy coset.

4.3 Example

Let G be a group. Then A = { < x, Ha(X), Va(X) >, x€ G/ Ha(X) = Ha(e) and VA(X) = Va(e) } is an
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intuitionistic multi-anti fuzzy normal subgroup of G.
Proof It is easy to verify.

4.4 Theorem

Let A be an intuitionistic multi-anti fuzzy subgroup of a group G and x be any fixed element of

G. Then the following are holds :

(1) X[Al, g)= [XA]((x, B)
(i) [Al. pX = [AX]q, ) Va, [36 [0,1]k with o + Bi <1, Vi

Proof For proof (i),
Now [XA,p) = { 26 G : tea(g) S & and Vya(g) 2P } with 04+ B; < 1, Vi.

Also X[A] g, 5= x{ yeG : pa(y) <o and va(y) 2B }
={xyeG:ua(y) <o and Va(y) 2P} .ooevirininiinnn. (D

put xy=g = y=x"g. Then (1) becomes as,
X[Alp={geCG: a(x'g) <o and va(x'g) =B}
={geG:pn(@ <o and va(g) 2P}
= [XAlwp)
Therefore, X[Alq, ) = [XAlw, py VO Be [0,11° with os + B; < 1, Vi.
Hence the proof (i).
For proof (ii),

Now [AX]i,p)y={ 2€G : Hax(g) S and va(g) 2P } with o+ B; < 1, Vi.

Also [AlwpXx={yeG: ua(y) <o and va(y) 2P }x
={yxeG:ua(y) Lo and Va(¥) 2P} .oriiririnninnnn. 2)

put yx=g = y=gx . Then (2) becomes as,
[Alepx = { 2eG 1 palgx™) S o and va(gx) 2B }
={geG:ua(@) <o and val(g) 2B }
= [AX]a )
Therefore, [Al, pyX = [Ax]i, py VO, Be 0,11 with os+ B; < 1, Vi.
Hence the proof (ii) and hence the Theorem.

4.5 Theorem

Let A be an intuitionistic multi-anti fuzzy subgroup of a group G. Let x,y be any two
elements of G such that oo = max{ pa(X), Ha(y) } and P = min{ vo(x), va(y) }. Then the
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following are holds :

(i) xA=yA & x'ye[Alwp
(i)  Ax=Ay & xy'e[Alep
(iii)
Proof For (i), Now XA = yA & [XAl, )= [YAlwp) -V PE (0,11 with o + Bi<1, Vi

< X[Al, p) = Y[Alw p) ,by Theorem 4.4(i).
= x'lye [A], p) .since each (o, B)-lower cut [A], p) is a
subgroup of G. Hence the proof (i).

For (ii), Now Ax = Ay & [Ax],p) = [Ayl@p VO, Pe [0,17* with o+ B; < 1, Vi.
& [Alw pX = [Alq, py by Theorem 4.4(ii).
= xy'le [Alw p) -since each (o, PB)-lower cut [Aly, p is a
subgroup of G. Hence the proof (ii) and hence the Theorem.

5. HOMOMORPHISM OF INTUITIONISTIC MULTI-ANTI FUZZY
SUBGROUPS

In this section we shall prove some theorems on intuitionistic multi-anti fuzzy subgroups of a group with the
help of a homomorphism.

5.1 Proposition

Let f : X —> Y be an onto map. If A and B are intuitionistic multi-fuzzy sets having the
dimension k of X and Y respectively, then for each (o, B)-lower cuts [A], ) and [B], p) . the
following are holds :

1 f([Alep) < [f(A)]@p)
(i)  F'([Bliwp) = [F'B)lwp V0, Be[0,11 with o5+ B < 1, Vi.

Proof For (i), Let ye f( [Alo,p))-
Then there exists an element xe [A], p) such that f(x) =y.
Then we have pa(x) <o and  VA(x) =B ,since xe[Al g, p) -

= “iA(X) <o; and ViA(X) > Bi ,Vi.

= min{s(X) : xefl(y)} <o; and max{v;s(x) : xefl(y) } > B; Vi
= min{ps(x) : xefl(y)} <o and max{va(x) : xefl(y) 1>B

= Wa(y) S0 and Vi (y) 2B

= ye [f(A)]wp)

Therefore, f( [Al,p)) S [f(A)] (e, p) ,VA€IMFS(X). Hence the proof (i).
For the proof (ii),

Let xe [f'(B)lwp < {(xeX: ' mXx) <o, vi'g(x) =P}
e {(xeX: Wi @) <o, Vi @(x) =B}, Vi.
e {xeX: up(fx) <o, vis(f(x)) =B },Vi.
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& {(xeX : ppf(x) <o, ve(f(x)) =P}
& { xeX : f{(x)€[Bl,p) }

& {xeX:xef'([Blup) }

& £'([Blap)

Hence the proof (ii).
5.2 Theorem

Let f : G; = G; be an onto homomorphism and if A is an IMAFSG of group G, then f(A) is
an IMAFSG of group G,.

Proof By Theorem 3.6, it is enough to prove that each (o, B)-lower cuts [f(A)]q, p) is a
subgroup of G, for all o, e [0,1]% with o + Bi< 1, Vi

Let yi, y2€ [f(A)la gy - Then eay(y1) S0, Veay(y) = B and peay(y2) S a0, Via(y2) 2B
= Uiga) (Y1) < 06, Vigay(y1) 2 Bi and  Wigay(y2) < 06, Vigay(¥2) 2 Bi Vi eeeceninie. (1)

By the proposition 5.1(i), we have f( [A]w, p)) S [f(A)]w p) ,VA€IMFS(G))

Since f is onto, there exists some x; and X, in G, such that f(x;) = y; and f(x;) =y, .
Therefore, (1) becomes as,

Wiray( £(X1) ) S 06, Vigay(£(x1) ) 2 Bi and Wiga)( £(X2) ) S 04, Vigay( £(Xx2) ) 2 B ,Vi.

= Wia(X1) < Wiga)( £(x1) ) S04, Via(X1) = Vigay(f(x1) ) 2 P; and
Mia(X2) < Pigay( £(X2) ) S 0, Via(Xo) = Viga( £(x2) ) 2 B, Vi,

= Wia(X1) 06, Via(x) 2 B; and pia(xo) <0, Via(x2) 2 B; LV
= “A(Xl) <o . VA(XI) > B and MA(XZ) <o , VA(Xz) > B
= max{ua(X)), Ma(X2)} <o and min{Vva(x;), Va(x2)} =B

= wa(xixy) € max{pa(x), pa(x2)} € o0 and Va(x;xy") = min{Va(x;), Va(x2)} > B ,since
AeIMAFSG(G)).

= uaxx, ) <o and va(xix, ) =B
= XX € [Al i, p)

= (%2 e f( [Alw ) S [f(A)] @, p)
= f(x)f(x2")e [f(A) o, p)

= f(x)f(x2) "€ [f(A)]w. p)

= y1y2 '€ [f(A)l.p)

= [f(A)](a p) is a subgroup of G, , Vo, Be [0,17%.
48



Applied Mathematics and Sciences: An International Journal (MathSJ ), Vol. 1, No. 2, August 2014

= f(A)e IMAFSG(G,)
Hence the Theorem.
5.3 Corollary

If f: G, = G, be a homomorphism of a group G, onto a group G, and { A;: i€l } be a family
of IMAFSG’s of group Gy, then f(UA;) is an IMAFSG of group G, .

5.4 Theorem

Let f : G; = G; be a homomorphism of a group G, into a group G,. If B is an IMAFSG of G,,
then £'(B) is also an IMAFSG of G,.

Proof By Theorem 3.6, it is enough to prove that each (c, B)-lower cuts [f'(B)]. p is a
subgroup of G,Vo, Be[0,11* with o+ B; < 1, Vi.

Let x;, X,€ [f'(B)]a.p)- Then it implies that

Bl e (x) <o, Vi (x) 2 B oand Wil (x0) S o, vil ) (x0) = B.

= pp(f(x)) <o, vp(f(x) 2P and pp(f(x2) <o, vu(fix2)) 2 B.

= max{ up(f(x)), us(f(x)) } <o and min{ ve(f(x,)), ve(f(x2)) } 2 B.

= Ws( f(x)f(x2)") < max{ pp(f(x,)), ua(f(x2)) } <@ and
Vi( f(Xl)f(Xz)'l ) 2 min{ vg(f(x,)), va(f(x2)) } 2 B ,since Be IMAFSG(G,).

= f(x)f(x2) "€ [Blo, p)

= f(x;x,)e [Bls, p) -since f is a homomorphism.

= XX, €' ([Blia.py ) = [f(B)] (o, p) by the proposition 5.1(ii).
= X%y €[ (B, p)

= [fl(B)](m g) is a subgroup of G,

= {(B) is an IMAFSG of G.

Hence the Theorem.

5.5 Theorem

Let f : G; = G, be a surjective homomorphism and if A is an IMAFNSG of group G, then
f(A) is also an IMAFNSG of group G, .
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Proof Let g,e G, and yef(A).
Since f is surjective,

there exists g€ G| and xe A such that f(x) =y and f(g;) = g .

Since A is an IMAFNSG of G,,

Ha(g'xg) = Ha(x) and Va(gi'xg)) = Va(x) ,¥xe A and g€ G.

Now consider, ].Lf(A)(gz'lygz) = Wea)( f(gl'lxgl) ) ,since f is a homomorphism.
= Wia(y) where y = (g 'xg) = &2”'yes
=min{ pa(x) : f(x) =y for x’e G, }
=min{ pa(x) : f(x) = (g, 'xg) for x’€ G }
= min{ pa(gi'xg) : f(g'xg)=y =& 'yg, forxe A, g;€G}
= min{ Ha(X) : f(gl'lxgl) = gz'lygz for xe A, gieG,}
= min{ pa(x) : f(g)"f(0)f(g)) = g 'yg, for xe A, g€ G}
=min{ Pa(x) : g f(x)g> = 82"y, for xe Gy }
= min{ UA(x) : f(x) =y for xe G, }
= Ura)(y)

Similarly, we can easily prove that Vf(A)(gz'lygz) = Via)y) -

Hence f(A) is an IMAFNSG of G, and hence the Theorem.

5.6 Theorem

If A is an IMAFNSG of a group G, then there exists a natural homomorphism f: G — G/A is
defined by f(x) = xA , VxeG.

Proof Let f : G— G/A be defined by f(x) = xA , VxeG.
Claiml: f is a homomorphism

That is, to prove: f(xy) =f(x)f(y),Vx,yeG.

That is, to prove: (xy)A = (xA)(yA) ,Vx,ye G.

Since A is an IMAFNSG of G, we have pa(g'xg) = ua(x) and
VA(Z'xg) = Va(x) ,¥xe A and geG.

Or, equivalently, Ua(Xy) = Ha(yXx) and Va(Xy) = Va(yX) ,Vx,yeG.
Also, Vge G, we have

(XA)(Q) = (a(®), Vxa(® ) = (Ma(X'®), Vax'g) )
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(YAX(E) = (Hya(®) Vya(@)) = (LAY '), va(y'g) )

[(xy)AI(2) = ( Layal®), Voya(@ ) = (Ral(xy)'gl, val(xy)'gl)
Vge G, by definition 2.16, we have

[(xA)(yA)](g) = ( max[min{pa(r), Uya(s)} : g =rs ], min[max{vya(r), Vya(s)} : g=1s])

)

= (max[min{pa(x"'r), pa(y™'s)} : g = rs], min[max{va(x't), Va(y's)} 1 g =15 ]

Claim2: uA[(xy)'lg] = max|[ min{uA(x'lr), uA(y'ls)} :g=rs] and

Val(xy)'g] = min[ max{va(x'1), Va(y's)} : g =15 ], Vge G.

Now consider pa[(xy)'g] = paly'x"g]

= paly'x 'rs] ,since g = rs.

= paly (< 'rsy )yl

= a[x'rsy'] ,since A is normal.

< max{ uA(x’lr), },LA(sy'l) } ,since A is IMAFSG of G.

= max{ },LA(x'lr), },LA(y'ls) }, Vg =r1seQ@, since A is normal

Therefore, ua[(xy)'g] = min[ max{ pa(x'r), ua(y™s) } : g =151, VgeG.

= max[ min{ pa(x'r), pa(y™s) } : g =151, VgeG.

Similarly,we can easily prove VA[(xy)’lg] = min[ max{ Va(x'r), VA(y'ls) }:g=1s], VgeG.
Hence the claim2.

Thus, [(xy)Al(g) = [(xA)(YA)I(g) .VgeG.

= (xy)A = (xA)(yA)
= f(xy) = fOf(y)

= f is a homomorphism

Hence the claiml and hence the Theorem.

6. CONCLUSION

In the theory of fuzzy sets, the level subsets are vital role for its development. Similarly, the
(o, B)-lower cut of an intuitionistic multi-fuzzy sets are very important role for the
development of the theory of intuitionistic multi-fuzzy sets. In this paper an attempt has been
made to study some algebraic natures of intuitionistic multi-anti fuzzy subgroups and their
properties with the help of their (o, B)-lower cut sets.
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