International Journal of Modelling, Simulation and Applications (IIMSA) Vol.2, No.2

NONLINEAR PROFIT MAXIMIZATION WITH
ACCOUNT CHANGING OF PRICES

E.L. Pankratov

1Nizhny Novgorod State University, 23 Gagarin avenue,
Nizhny Novgorod, 603950, Russia
2Nizhny Novgorod State Technical University, 24 Minin Street,
Nizhny Novgorod, 603950, Russia

ABSTRACT

In this paper, we consider the maximization of the profit of an enterprise that produces several types of
products (as example we consider the output of three types of products). Maximization of profit is carried
out taking into account the possibility of price changes on the example of prices, linearly depending on the
number of products on the market. When considering the maximization of profit, several restrictions are
taken into account.
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1. INTRODUCTION

Necessity of maximization of profits leads to the need to compile an optimal output plan with
available resources [1-4]. Change in the market situation leads to a change in prices depending on
the volume of goods on the market [5-11]. In this situation, when solving the problem of profit
maximization, the market reaction to the release of a new batch of products should be taken into
account in the form of price changes for a given product (that is, feedback must be taken into ac-
count). This feedback can be taken into account as the dependence of prices on the amount of
output produced as a function of profit.

In this paper, we consider the profit maximization of an enterprise that produces several types of
products. This maximization is carried out on the example of output of three types of products. To
maximize the profit under consideration, a generalization of the previously developed [12] me-
thodology for solving similar problems is made, taking into account a number of limitations.

2. METHOD OF SOLUTION

We will analyze the profit of the enterprise on the basis of studying the profit function
L=p;(x1) X14p2(x2) X24P3(x3) X3. (1)

Here x; is the quantity of the i-th product released, p;(x;) is the price of the i-th product as a func-
tion of its quantity on the market. In the framework of this paper, let us consider as an example
the simplest dependence of the price of a product on its quantity p;(x;)=a;-bx;. This dependence
allows you to take into account the dependence of the price of the product on its quantity and at
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the same time reduce the amount of payments with increasing of quantity of product. In the
framework of this paper, we consider a number of restrictions (this ratio shows that the maximum
amount of products at the time of the start of the sale is fixed: for example, the volume of the
warehouse is limited d;)

C1X1+C2.X2+C3.X3:d1 (261)

and (this ratio shows that the minimum volume d, of products has been reached, from which start-
ing own production or supply of products from outside)

C4,)C1+C5.X2+C(,X3:d2. (2b)

Here c¢; are the volumes of i-th products. Next, consider the maximization of profit within a ma-
thematically standard procedure. In the first stage, we write the Lagrange function [12]

I=p1(x) X1 4P2(X2) Xo4+p3(x3) X3+ A1 (C11+C2 Xa+C3 X3-d )+ Ao (Caxi+Cs X0 +Co X5-d). (3)

Here /; are the Lagrange multipliers, which are an auxiliary parameter. Further, the maximal val-
ue of profit is determined in the framework of the standard procedure for calculation of a condi-
tional extremum [12], i.e. the extremum (in this case, the maximum) of the profit function (1) un-
der the conditions (2). To determine of quantities of products x;, which corresponds to maximal
value of profit, one should calculate partial derivatives of Lagrange function / (3) on all quantities
of products x; and to put them to zero. These partial derivatives could be written as

al
Pyt —2bx, + Ac, + A,c, =0
'xl
dl
—=a, —2b,x, + A4, +A,c, =0
ox,
aa_l:a3 —2b,x, + e, + Ay, =0 @)
x3
al
B_/llzclxl +c,x, +c,x,—d, =0
al
8_/11:c4x1 +esx, +egx, —d, =0

Now let us transform Eqgs. (4a), (4b), (4c), (4d), (4e) to the following equivalent form

2b,x, = Ac, —Ac, =aq,
2b,x, —Ac, —A,cs=a,
2b,x, — Aic; —Acs =a, (4a)

X, te,x, +eix, =d,

C, X, + 05X, +Cxy =d,

Now we solve the system of equations (4a) by the Cramer approach [12]. Framework the ap-
proach we calculate the following determinants
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2b, O 0 -, -c,
0 2b, 0 —C, —C5
A=l 0 0 2b, -c, —C, (5a)
c, c, c, 0 0
c, s s
a, 0 0 -, -c,
a, 2b, 0 —C, —c;
A, =|a, 0 2b, —C, —C (5b)
d, c, c, 0 0
d, Cs Cq 0 0
2b, a, 0 -, -c,
0 a, 0 —C, —C5
A,=|0 a, 2b, -c, —C, (5¢)
c, d, c, 0 0
c, d, Cq 0 0
2b, 0 a, -, -,
0 2b, a, -c, —c;
A, =0 0 a, —c, —C, (5d)
c, c, d, 0 0
c, Cs d, 0 0

The results of calculation of these determinants could be written as [12]
A=2b, (c2c6 —C5C5 ) + 2b, (clc6 —c,C, ) + 2b,c,c5 (clc5 —c,C, ) (6a)
A, =a,(c,c, —cye,) +a,(c,c, —cye,) (cyey —cses)+ay(c,es —cye,) (eye, —cyes )+

+2b, (0106 —c5C, )(dlc6 - d2c3)+ 2b, (clc5 —c,C, )(dlc5 —-d,c, ) (6D)

A, = (c3c4 —C,Cq )[a1 (czc(, - C3€5)— a, (clc(, —c,C, )+ a, (clc5 —-c,C, )]+ 2bd, (c6 - c3) (czc(, - c3c5)+
+2b,(c,d, —c,d,)(c,cs —cyc,) (6¢)

A, = (clc5 —c,C, )[al (czcﬁ - c3c5)— a, (clc6 —c,c, )+ a, (clc5 —c,C, )]+ 2b,d, (c2 - 65) (0206 —C4C5 )+
+2b2(cld2 —C4d1)((3166 —c3c4). (6d)

Now we have a possibility to obtain the optimal quantities of products x;, which corresponds to
maximal values of the profit function (1) under conditions (2), of the required maxima

A
X = XI = [al (Czce —C3Cs )2 +a, (Clcﬁ — G0 )(C2C6 —C3Cs )+ as (CICS — G0, )(Czce - C3C5)+ 2b, X

x (ci04 =0, )(d,e, — dye, )+ 2b,(c,0s — eye, Ndyes — doe, |26, (e, — s ) +(eiey — e, ) X
X 2b, +2b,c,cs(c,cs —c,c, ) ]71,
x, ={lc;e, —¢ e a, (c,c, —cies)—a,(c,c, —cie, )+ ay(c,cs —cye, )|+ (e, — ¢ )(eye, —eses ) X
X 2b,d, +2b,(c,d, —c,d,)(c,c; —c,c, )}[21;1 (c,c —cycs ) +2b,(c,c, —cye, ) +2byc e %
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x (ces —cie, YT
%, ={(eies e )a (erc, —eses)—ay (e, — cie, )+ ay(ees —ese, o 2bd, (y0, —cyes) X
x (¢, — ¢, )+ 2b,(c.d, —d, )cco —ere,) by (crc. —cnes ) +2b, (cco —csc, ) +

+2b, (CICS 66 ) Tl :

These coordinates are the volumes of output corresponding to the maximum profit of the enter-
prise. A few typical dependencies of the profit function (1) on the output of production volume x;

are shown in Figures 1-3 for different values of parameter a;, b;, ¢;, d.
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Fig. 2. Example of the dependency of the profit function on the output production volumes x; and x3
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Fig. 3. Example of the dependency of the profit function on the output production volumes x, and x3

Now we analyzed dependences of optimal values of products x;,,, on different values of parameter
a;, b, ¢;, d;. Fig. 4 shows dependences of product x,,,, on partial volume of the warehouse c;. De-
pendences of optimal values of products x;,, on other parameters c; have the similar structures.
However dependences of optimal value of products x;,, on parameters c,, c3, ¢s, ¢o more weak in
comparison with the same dependences on ¢, and c,;. The figure shows that dependences of op-
timal value of products have two optimal values: for maximization of profit (at smaller value of
the partial volume of the warehouse) and for maximization of damage (at larger value of the par-
tial volume of the warehouse). Reason of obtaining of the damage could be following: total vo-
lume of the warehouse is limited and using only one product could leads to error in prognosis of
demand on this concrete product.

c]
Fig. 4a. Dependences of optimal values of products x;,,, on partial volume of the warehouse c,
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Fig. 4b. Dependences of optimal values of products x;,,, on partial volume of the warehouse ¢,

The Fig. 5 shows dependences of optimal value of products x;,,, on base value of prices a;. The
figure shows apparent conclusion: increasing of price of product leads to increase of value of
profit. Comparison of dependences of x;,,, on a; and on a, shows that the second dependence is
weaker in comparison with the first one (see Figs. 5a and 5b).

Now we will consider dependences of optimal value of products x;,,, on partial value of product
in price b,. Several dependences of optimal value of products x;,,, are presented on Fig. 6. The
figure shows decreasing of optimal value of products to increase value of profit. The result is
enough clear: increasing of quantity of product leads to decreasing of price. Comparison of de-
pendences of x;,, on b, and on b, shows that the second dependence is weaker in comparison
with the first one (see Figs. 6a and 6b.
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Fig. 5a. Dependences of optimal values of products x,,,, on base values of price a,
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Fig. 5b. Dependences of optimal values of products x,,,, on base values of price a,
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Fig. 6a. Dependences of optimal values of products x;,,, on partial values of product b,
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Fig. 6b. Dependences of optimal values of products x;,,, on partial values of product b,
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Further we we will consider dependences of optimal value of products xj,, on volume of the
warehouse d; and minimum volume of products d,. Appropriate dependences are presented on
Figs. 7 and 8. The Fig. 7 shows qualitatively different dependences. Type of these curves depends
on values of parameters. If quantities of products too small than owner or leaseholder of the
warehouse has larger damage, then profit. If quantities of products are enough large for obtaining
profit, value of profit depends on quantities and prices of products. Optimization of process to
decrease minimum volume of products d, gives a possibility to obtain profit with decreasing of
expenses (see Fig. 8).
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Fig. 7. Dependences of optimal values of products x;,,, on volume of the warehouse d,
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Fig. 8. Dependences of optimal values of products x,,, on minimum volume of products d,

4. CONCLUSIONS

In this paper we introduce an approach to maximize the profit of an enterprise in the conditions of
existing constraints. This technique is considered on the example of three products, but it is poss-
ible to consider another quantity of products. Based on this approach we analyzed optimal values
of products on several parameters.

16



International Journal of Modelling, Simulation and Applications (IIMSA) Vol.2, No.2

REFERENCES

(1]

(2]

(31

(4]

(5]

(6]

(71

(8]

[91

[10]

[11]

R. Yaghoubi, M. Yaghoubi, St. Locke, J. Gibb. Mergers and acquisitions. Studies in Economics and
Finance. Vol. 33 (3). P. 437-464 (2015).

J. Prat. Dynamic contracts and learning by doing. Mathematics and financial economics. Vol. 9 (3). P.
169-193 (2015).

St. Villeneuve, X. Warin. Optimal Liquidity management and Hedging in the presence of a non-
predictable investment opportunity. Mathematics and financial economics. Vol. 8 (2). P. 193-227
(2014).

Ch. Mertzanis. Short selling regulation, return volatility and market volatility in the Athens Exchange.
Studies in economics and finance. Vol. 34 (1). P. 82-104 (2017).

L. Fanti, D. Buccella. Cournot and bertrand competition in the software industry. Economics research
international. Vol. 2010. Article ID 9752520 (2017).

N. Bagheri, H.K. Haghighi. A comparison study of ADI and LOD methods on option pricing models.
Journal of Mathematical Finance. Vol. 7 (2). P. 275-290 (2017).

E. Frenod, P. Menard, M. Safa. Two optimization problems of a continuous-in-time financial model.
Journal of Mathematical Finance. Vol. 8 (1). P. 27-42 (2018).

Ch.W. Wu, W.Zh. Hung. Real National Income Average Growth Rate: A Novel Economic Growth
and Social Fair Evaluation Index. Economics research international. Vol. 2010. Article ID 678927
(2010).

St. Villeneuve, X. Warin. Optimal Liquidity management and Hedging in the presence of a non-
predictable investment opportunity. Mathematics and financial economics. Vol. 8 (2). P. 193-227

(2014).

S.N. Mehrotra, D.R. Carter. Forecasting Performance of Lumber Futures Prices. Economics Research
International. Vol. 2017. Article ID 1650363 (2017).

G. Korn, T. Korn. Mathematical Handbook for scientists and engineers. Definitions, theorems and
formulas for reference and review. Second edition (McGraw-Hill Book Company. New York, 1968).

17



