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ABSTRACT 

 

In this paper we consider an approach to increase density of elements of a multivibrator on bipolar tran-

sistors. The considered approach based on manufacturing a heterostructure with necessity configuration, 

doping by diffusion or ion implantation of required areas to manufacture the required type of conductivity 

(p or n) in the areas and optimization of annealing of dopant and/or radiation defects to manufacture more 

compact distributions of concentrations of dopants. We also introduce an analytical approach to progno-

sis technological process. 
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1. INTRODUCTION 

 

In the present time actual questions of solid state electronic devices are increasing of density of 

elements of integrated circuits (in this situation it is necessary to decrease dimensions of these 

elements), performance and reliability [1-9]. In this paper we consider an approach to manufac-

ture more compact multivibrator based on bipolar heterotransistors. Framework the approach we 

consider a heterostructure with two layers, which consist of a substrate and an epitaxial layer (see 

Fig. 1). The epitaxial layer includes into itself several sections manufactured by using another 

materials (see Fig. 1). These sections have been doped by diffusion or ion implantation to obtain 

required type of conductivity (n or p). The doping gives a possibility to manufacture bipolar tran-

sistor framework the considered heterostructure with account the Fig. 1. After that we consider 

annealing of dopant and/or radiation defects. The annealing should be optimized to manufacture 

more compact distributions of concentrations of dopant. Main aim of the present paper is deter-

mination of conditions, which correspond to increasing of compactness and at the same time to 

increasing of homogeneity of distribution of concentration of dopant in enriched area. 

 

2. METHOD OF SOLUTION 

 

We determine spatio-temporal distribution of concentration of dopant by solving the following 

boundary problem 
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with boundary and initial conditions 
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Fig. 1a. Structure of a transistor multivibrator. View from top 
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Fig. 1b. Heterostructure with two layers and sections in the epitaxial layer, which has been used for manu-

facture a transistor multivibrator. View from side 

 

Here C(x,y,z,t) is the spatio-temporal distribution of concentration of dopant; T is the temperature 

of annealing; DС is the dopant diffusion coefficient. Value of dopant diffusion coefficient de-

pends on properties of materials of heterostructure, speed of heating and cooling of heterostruc-

ture (with account Arrhenius law). Dependences of dopant diffusion coefficient on parameters 

could be approximated by the following relation [10-12] 



International Journal of Computational Science, Information Technology and Control Engineering 

(IJCSITCE) Vol.3, No.3, July 2016 

15 

 

( ) ( )
( )

( ) ( )
( ) 











++








+=

2*

2

2*1

,,,,,,
1

,,,

,,,
1,,,

V

tzyxV

V

tzyxV

TzyxP

tzyxC
TzyxDD

LC
ςςξ

γ

γ

,   (3) 

 

where DL (x,y,z,T) is the spatial (due to presents several layers in heterostructure) and tempera-

ture (due to Arrhenius law) dependences of dopant diffusion coefficient; P (x, y,z,T) is the limit 

of solubility of dopant; parameter γ depends on properties of materials and could be integer in the 

following interval γ ∈[1,3] [10]; V (x,y,z,t) is the spatio-temporal distribution of concentration of 

radiation vacancies; V
*
 is the equilibrium distribution of concentration of vacancies. 

 

Concentrational dependence of dopant diffusion coefficient has been described in details in [10]. 

Using diffusion type of doping did not generation radiation defects. In this situation ζ1= ζ2= 0. 

We determine the spatio-temporal distributions of concentrations of radiation defects by solving 

the following system of equations [11,12] 
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with boundary and initial conditions 
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Here ρ =I,V; I (x,y,z,t) is the spatio-temporal distribution of concentration of radiation intersti-

tials; Dρ(x,y,z,T) are the diffusion coefficients of point radiation defects; terms V
2
(x,y,z,t) and 

I
2
(x,y,z,t) correspond to generation divacancies and diinterstitials; kI,V(x,y,z,T) is the parameter of 

recombination of point radiation defects; kI,I(x,y,z,T) and kV,V(x,y,z,T) are the parameters of gener-

ation of simplest complexes of point radiation defects. 

 

We determine the spatio-temporal distributions of concentrations of divacancies ΦV (x,y,z,t) and 

dinterstitials ΦI (x,y,z,t) by solving the following system of equations [11,12] 
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Here DΦρ(x,y,z,T) are the diffusion coefficients of the above complexes of radiation defects; 

kI(x,y,z,T) and kV (x,y,z,T) are the parameters of decay of these complexes. 

 

To determine spatio-temporal distribution of concentration of dopant we transform the Eq.(1) to 

the following integro-differential form 
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We determine solution of the above equation by using Bubnov-Galerkin approach [13]. Frame-

work the approach we determine solution of the Eq.(1a) as the following series 
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into itself finite number of terms N. The considered series is similar with solution of linear Eq.(1) 

(i.e. with ξ = 0) and averaged dopant diffusion coefficient D0. Substitution of the series into 

Eq.(1a) leads to the following result 
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where sn(χ) = sin (π n χ/Lχ). We determine coefficients an by using orthogonality condition of 

terms of the considered series framework scale of heterostructure. The condition gives us possi-

bility to obtain relations for calculation of parameters an for any quantity of terms N. In the 

common case the relations could be written as 
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For γ = 1 one can obtain the following relation to determine required parameters 
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Analogous way could be used to calculate values of parameters an for larger values of parameter 

γ. However the relations will not be present in the paper because the relations are bulky. Advan-
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tage of the approach is absent of necessity to join dopant concentration on interfaces of hetero-
structure. 

 

Equations of the system (4) have been also solved by using Bubnov-Galerkin approach. Pre-
viously we transform the differential equations to the following integro- differential form 
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Farther we determine solutions of the above equations as the following series 
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where anρ are not yet known coefficients. Substitution of the series into Eqs.(4a) leads to the fol-

lowing results 
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We determine coefficients anρ by using orthogonality condition on the scale of heterostructure. 

The condition gives us possibility to obtain relations to calculate anρ for any quantity N of terms 
of considered series. In the common case equations for the required coefficients could be written 

as 
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In the final form relations for required parameters could be written as 
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We determine spatio-temporal distributions of concentrations of complexes of radiation defects 

in the following form 
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where anΦρ are not yet known coefficients. Let us previously transform the Eqs.(6) to the follow-

ing integro-differential form 
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Substitution of the previously considered series in the Eqs.(6a) leads to the following form 
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We determine coefficients anΦρ by using orthogonality condition on the scale of heterostructure. 

The condition gives us possibility to obtain relations to calculate anΦρ for any quantity N of terms 

of considered series. In the common case equations for the required coefficients could be written 

as 
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3. DISCUSSION 

 

In this section we analyzed distribution of concentration of dopant, infused (see Fig. 2a) or im-

planted (see Fig. 2b) into epitaxial layer. Annealing time is the same for all curves of these fig-

ures. Increasing of number of curves corresponds to increasing of difference between values of 

dopant diffusion coefficients in layers of hetero structure. The figures show, that presents of in-

terface between layers of hetero structure gives a possibility to increase absolute value of gra-

dient of concentration of dopant in direction, which is perpendicular to the considered interface. 

A consequence of this result is decreasing of the dimensions of transistors included in the multi-

vibrator. At the same time with increasing of the considered gradient homogeneity of concentra-

tion of dopant in enriched area. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

Fig.2a. Distributions of concentration of infused dopant in heterostructure from Figs. 1 in direction, which 

is perpendicular to interface between epitaxial layer substrate. Increasing of number of curve corresponds 

to increasing of difference between values of dopant diffusion coefficient in layers of heterostructure under 

condition, when value of dopant diffusion coefficient in epitaxial layer is larger, than value of dopant dif-

fusion coefficient in substrate 

 

To estimate annealing time it is necessary to estimate decreasing of absolute value of gradient of 

concentration of dopant near interface between substrate and epitaxial layer with increasing of 

annealing time. Decreasing of annealing time leads to manufacturing more inhomogenous distri-

bution of concentration of dopant (see Fig. 3a for diffusion type of doping and Fig. 3b for ion 

type of doping). We determine compromise value of annealing time framework recently intro-

duced criterion [14-20]. Frame-work the criterion we approximate real distribution of concentra-

tion of dopant by idealized step-wise function ψ (x,y,z). Further we determine the required an-

nealing time by minimization of mean-square error 
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Dependences of optimal annealing time are shown on Figs. 4. It should be noted, that radiation 

defects, generated during ion implantation, should be annealed. In the ideal case after the anneal-

ing the implanted dopant should achieve the interface between layers of heterostructure. If the 

dopant has no enough time to achieve the interface, it is attracted an interest to make additional 

annealing. The Fig. 4b shows dependences of additional annealing time. Necessity of annealing 

of radiation defects leads to smaller value of optimal annealing time of dopant in comparison 

with optimal annealing time of dopant during diffusion type of doping. Diffusion type of doping 

did not leads to radiation damage of materials. Ion type of doping gives us possibility to decrease 

mismatch-induced stress in heterostructure [20]. 

 

 
 

 

 

 

 

 

 

 

 

 

Fig.2b. Distributions of concentration of implanted dopant in heterostructure from Figs. 1 in direction, 

which is perpendicular to interface between epitaxial layer substrate. Curves 1 and 3 corresponds to an-

nealing time Θ = 0.0048(Lx
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)/D0. Curves 2 and 4 corresponds to annealing time Θ =  0.0057(Lx
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)/D0. Curves 1 and 2 corresponds to homogenous sample. Curves 3 and 4 corresponds to hetero-

structure under condition, when value of dopant diffusion coefficient in epitaxial layer is larger, than value 

of dopant diffusion coefficient in substrate 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3a. Spatial distributions of dopant in heterostructure after dopant infusion. Curve 1 is idealized distri-

bution of dopant. Curves 2-4 are real distributions of dopant for different values of annealing time. In-

creasing of number of curve corresponds to increasing of annealing time 
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Fig.3b. Spatial distributions of dopant in heterostructure after ion implantation. Curve 1 is idealized distri-

bution of dopant. Curves 2-4 are real distributions of dopant for different values of annealing time. In-

creasing of number of curve corresponds to increasing of annealing time 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

Fig.4a. Optimal annealing time of infused dopant as dependences of several parameters. Curve 1 is the 

dependence of the considered annealing time on dimensionless thickness of epitaxial layer a/L and ξ = γ = 

0 for equal to each other values of dopant diffusion coefficient in all parts of heterostructure. Curve 2 is the 

dependence of the considered annealing time on the parameter ε for a/L=1/2 and ξ = γ = 0. Curve 3 is the 

dependence of the considered annealing time on the parameter ξ for a/L=1/2 and ε = γ = 0. Curve 4 is the 

dependence of the considered annealing time on parameter γ for a/L=1/2 and ε = ξ = 0 
 

 

 

 

 

 

 

 

 

 

 

 

Fig.4b. Optimal annealing time of implanted dopant as dependences of several parameters. Curve 1 is the 

dependence of the considered annealing time on dimensionless thickness of epitaxial layer a/L and ξ = γ = 0 

for equal to each other values of dopant diffusion coefficient in all parts of heterostructure. Curve 2 is the 

dependence of the considered annealing time on the parameter ε for a/L=1/2 and ξ = γ = 0. Curve 3 is the 

dependence of the considered annealing time on the parameter ξ for a/L=1/2 and ε = γ = 0. Curve 4 is the 

dependence of the considered annealing time on parameter γ for a/L=1/2 and ε =  ξ = 0 
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In this paper prognosis of time varying of spatial distributions of concentrations of infused and 

implanted dopants during manufacturing a transistor multivibrator has been done. Several rec-

ommendations to optimize manufacture the heterotransistors have been formulated. Analytical 

approach to prognosis diffusion and ion types of doping has been introduced. The approach gives 

a possibility to take into account variation in space and time parameters of doped material and at 

the same time nonlinearity of mass and heat transport. 
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